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1 Introduction

This report consists in a summary and highlights of three months of research
on subelliptic operators. The first goal of this project was first to study the
Grushin 3D-operator, which we will see can be simplified to a 2D-operator, and
find its eigenfunctions. These eigenfunctions must also satisfy the Dirichlet
conditions, which means the image of those functions must be equal to 0 at
r=1and x = —1.

Depending on what we obtain, we might or might not need to use approxi-
mations of eigenfunctions. In the case where we unfortunately need approxi-
mations, this might decrease the number of eigenfunctions we will be able to
find. When we find functions, we will graph them on Desmos so that we can
see what they look like on z € [—1,1].

The second goal of this project was to find specific sets of couples (I, m) € Z>
and study linear combinations of Legendre functions associated to these cou-
ples. We would then try to graph and observe the zero sets of all those linear
combinations.



2 Important clarification before starting

For simplicity, in this document, we will consider that the 0-mapping function
is an eigenfunction.

We will use the term non-zero eigenfunction to refer to an eigenfunction that
is surely not the 0-mapping function.



3 Facts and discoveries that will help us

3.1 Simplifying the Grushin operator

We want to find aII eigenfunctions (defined on = € [—1,1]) of the Grushin
operator 8x2 + 22 a 2 of the form ¢*V (z) where k € N.
We also need that V( 1)=V(1)=0.

Fact: ¢’V () is an eigenfunction of 2, —i—anaQ <= V/(x) is an eigenfunc-

tion of — k2d2+x

Proof:

(=)

Let e?*¥V/ () be an eigenfunction of -2 B P g2 a £ then (8‘9—;+x aa )(eMV (z)) =
ae™V (x) for some o € R

— aeikyv(x) _ ezkyd22 s ( zky)v(x) _ ezky(cii; E242 zkyv(x)

— (~BV(E) = A5 + V()
—> V/(z) is an eigenfunction of —édd_; 4+ 2.
(<)

Let V(x) be an eigenfunction of —ﬁﬁ—i—xQ Then —#%-I—ﬁ‘/(w) — aV(z)
for some a e R.
(81’2+x 57 )( zkyv( )) — ezkyd +$2 d? (ezky)v(x) — eiky%_k2xeikyv(x) _

dx?

k26 zky( kl?(cilxg—i—x Viz)) = k26 zkyav( )2(9 (— akQ)(eikyV(x))

= ¢V (z) is an eigenfunction of -2, + x

Q.E.D.

Thanks to this fact, we can simplify our goal by trying to find all eigen-
functions V (z) of — -4 + 22 instead, where V(1) = V(-1) = 0.

To do so, we will use the power series method (see next section).



3.2 Power series method

Assume V(z) = > ¢,a" is an eigenfunction of H = — dd22 + 2. Then
for some E € R,

%V(x) = —%%V(w) + 2%V (z)

= 15 Dm0 Ca" k—lzf—;@iio Co™) + 27 Y0 cpt”
= o~ Wi S (en™) + 30 ™t

=Y to—pn(n = Dear” % + 300 o™

— Y e =Y 0 —mn(n — e + Y cpatt
— 0= " Ee,am+ 300, Ln(n — 1)z = 3 ) cpa"t?

— 0= Zn 0 k2cnx + Zn 2 k2n(n - 1)Cnxn_2 + % * (0 % (0 — 1)601’0_2
Fhals(1—1)ea!2 =3 cpat?

— 0= Zn 0 kzcna: + Zn ) k2n(n _ l)cnx”_2 . Z’ZO:O "t
— 0= ZZO:() Ecpa™ + Z?:o(n + 2)(” + 1)Cn+2$n - 22022 k'ZCn—Ql‘n

— 0= ", Ec,a” 4+ Ecyx® + Eciz' + 377 (n 4 2)(n + 1)¢p 402"
+ (04 2)(04 D)ooz + (14 2)(1 4+ Veppoz! = D07, kP cpoz”

— 0=> <, Ec,a"+(Eco+2ca)+(Ec1+6c3)x+> " o(n+2) (n+1)cpioa”
— Y aa kPenoa”

= 0=> ", [Fc,+(n+2)(n+1)cpi2 — k*c, 22"+ (Ecy+2¢2) + (Eey +
6cs)x

= Fcyg+ 2¢co =0 and Ec¢q + 6¢3 = 0 and
Ec, + (n+2)(n+ 1)cpie — k*cy o =0foralln > 2

k2 n— -F n—
= g = —%co and ¢35 = —%61 and ¢, = % for all n > 4

E

7 is the eigenvalue of our eigenfunction V(z).



We have now obtained our power series with arbitrary ¢y and ¢;. However,
we notice that the ¢,,'s are defined by ¢, > and ¢, 4 for all n > 4. Thisis a
situation for which we have not found a way to obtain an exact function. We
gladly invite the readers to find one. We will then have to approximate it.

3.3 Verifying our power series makes sense

z2 . . . -
We know that e = is an eigenfunction of H = —%dd—Jr:c fk=1land £ = —1
Firoo.fQ 2 12 9 $2 d 12 9 IQ
H(e7) = —d—gge? —l—a:267 =—= 23362)—|-5U ez =
— (e +2%7) + 22T = —1xe>

[\v]

x

Now that we know V(z) = eZ is an eigenfunction of H, let's look at its
taylor expansion around = = 0.

22

2 n
a 00 ﬁ . o) (7) — S _x271
€ = ano n! — €2 = Zn:() nl Zn:O 2nn!

First, we have ¢y = c3 = ... = 0.
_ 1 _ 2 ozt 2P _ 1 _
Next, we haveco—20—*0!—1and CI° =S =5 = & =5 =
B R O}
2 2
_ 1 _ _ 1
AISO, we have Cop — Sl thus Con492 = CQ(n—l—l) = m
. k%ca,—Ec 12¢5,—(—1)c Con+tc 2”n'+2n+1( T
F|na”y 2n 2n+2 — 2n 2n+2 — 2n 2n+2 — n _
" (2n+4)(2n+3) (2n+4)(2n+3) (2n+4)(2n+3) (2n+4)(2n+3)
2ntl) 1
2”+1(n+1)! 2”+1(n+1)! . 2(TL+1)+1 2n+3 J— 1 —
(2n+4)(2n+3) = (4 )I2n+4)(2n43) 27T (nt1)12(n+2)(2n+3) 27T 2(nt1)(n+2)

1 _ _
7 2 (i)l . C2(n+2) = C2n+4-

2
k*con—FEconya

50 Contd = @uiTEns):

L2 . . .
With all of that, we can see that ez perfectly fits the power series. This
is a good evidence that our power series makes sense.



3.4 Quick study of our power series

We will prove some facts that will simplify our work in order to find eigenfunc-
tions/eigenvalues.

First, we can notice that our power series can be separated into two sub-
series: one with the odd terms and one with the even terms. Let's verify that.

Let N. ={n € Ny:niseven} ={0,2,4,6,8...},
N,={neNy:nisodd} ={1,3,5,7,9,...}.

Let Ne>y ={n € N:n >4 and n is even} and
Noysg ={n €N:n >4 and nis odd}.

V(z) = [cy — %con + ZneNez4 ] + [z — %clx?’ + ZneN@ Cpx"]

Fact: For all n € N, ¢, o .

Proof:
co X ¢ and ¢y = —%co X ¢y by definition.
_ Kk?c,—Ecpio
Now, assume ¢, < ¢y and ¢,19 X ¢y. Then ¢,y = D) X Co-

By induction, we have proven the fact.

Very similarly, we can prove that for all n € N, ¢, « ¢;.

Furthermore, we can prove very similarly that for all n € N, ¢, is
independent of ¢; and for all n € N,, ¢, is independent of cy.

With all that said, we can establish two subfunctions
Ve(w) =D en. cnt™ = co — %cOxQ + ZnGN@ cpx” and

Vo(x) = ZneNo cpX = c1x — %cla:?’ + ZneNo>4 cpT"
where V(x) = Vi(x) + V,(x). )
So if ¢g =0, then V(z) = V,(x) and if ¢; = 0, then V(x) = V.(z).

We now know that V(x) can be separated into two subfunctions, but the
most important facts that will simplify our work a lot are the following two.



Fact: V.(x) and V,(z) are eigenfunctions of H = _FW + 2% with eigenvalues
E

ol
Proof: If we set ¢ 0 we get that V(z) = V( ), hence V,(x) is an
eigenfunction of H= —k—% + 22 with eigenvalue & =

If we set co = 0 we get that V(z) = V( ), hence V( ) is an eigenfunction
of H = kQ dwg + 22 with eigenvalue £ o

Proof:

Ve(1) = Ve(=1) = >, en, cnand Vo(1) = =Vo(=1) = > oy, e
V(1) =Ve(1) + Vo(1) =0=V(-1) = Ve(-1) + Vo (1)

= Ve(1) + Vo(1) = Ve(1) — Vo(1)

— 2V,(1)=0 = V,(1)=0

s V1) = V(1) = V(1) = Vy(=1) = 0

With all this information acquired, we can conclude a crucial fact:

If V(z) is an eigenfunction of H = k12 dd2 + 22 with eigenvalue £ 7z and
V(1) =V(=1) =0, then V,(x) and V,(z) both have those same exact prop-
erties. )

i.e. Vo(z) and V,(z) are eigenfunctions of H = —2; de + 2% with eigenvalues

£ and V(1) = V(=1) = V,(1) = Vo(=1) = 0

Let's now assume that P.(z) = ZZOGN

isting NONZERO eigenfunction of I = de > + 2% with eigenvalue o and
that P.(1) = P.(—1) = 0.

cna: (only even terms) is one ex-

Now, if there exists a nonzero eigenfunction P,(z) = > ¢y cax™ (only odd
terms) of H = dexQ + 22 with eigenvalue a and P,(1) = B,(—1) = 0,
then we know that for any a,b € R, aP,(z) 4+ bP,(x) is an eigenfunction with
eigenvalue o and that any eigenfunction with eigenvalue o can be written as
a linear combination of P.(z) and P,(x).



However, if such a function P,(x) doesn't exist, then the only eigenfunction of
odd terms existing is P,(z) = 0, which means that the only nonzero eigenfunc-
tions with eigenvalue « that exist are of the form aP.(x) + bP,(x) = aP.(x)
where a € R and that any function of the form aP.(x) is an eigenfunction
with eigenvalue a.

The same principle applies if P,(x ) ZHGN Cpa” (only odd terms) is one

existing nonzero eigenfunction of H = k2d > + 2% with eigenvalue o and
P,(1) = P,(—1) = 0.

Also, any function P(x) = aP,.(x) + bP,(z) has the property that P(1)
aP.(1)+bP,(1) =a*x0+bx0 =0 and that P(—1) = aP.(—1) +bP,(—1)
ax0+0x0=0.

So let's say we have found a function P.(x) with eigenvalue a. We can
then seek for a function P,(x) with eigenvalue «.

If we find one, then we have generated two degrees of freedom of eigen-
functions of the form aP.(x) + bP,(x) where a,b € R and those are all the
existing functions with eigenvalue a.

If we don't find one, then all the eigenfunctions with eigenvalue « are of
the form aP.(x) where a € R.

3.5 Extra interesting fact that will not help us

Extra fact 1: Let w( ) R — R be continous. (z) and x(x) are eigen-
functions of H = —%; 4+ 42 «= ¢(z) = Ae*T for some A € R.

22 . . -
i.e. (x) = Ae*'7 are the only eigenfunctions of H that have the prop-
erty that multiplying them by = gives us another eigenfunction.

Proof:
Let ¥)(x) be continous.

10



(=) Assume W(x) # 0 and 21)(x) are eigenfunctions of H = —j—; + 22,
Then —2¥ + 2% = a1 for some a; € R*,
Also, — 2( Y(x)) + 23 = apa) for some ay € R
—di( Y(x) + xdw) + 23 = )
o it ?.355 + % = aswy)
—2% + z[—LY T+ 22 = apa)
—de + raq = aox)
W — -2 q) = 2bay) where b € R
f dw = bexd:E
ln|z/J| = bz* + In|A| for some A € R*
W( )| _ ebx +inlA| _ |A‘€bx
b(z) = A

HUMMH

Now suppose that Ae"” is an eigenfunction of H, then FI(¢) = o) for
some « 6 R

da:2 + $2¢ = a1

— — dx[ZAbxebf” | + Ax2eb” = —2Ab[e?” + 2ba2eb’] + Ax2el”’

= —24be"" + A[l — 4b?a%e?” = aAeh™

= 1—4b* =0 i

— b==1i = ¢Y(z) = Ae* 7.

ll

(<) Let ¥(x ) — Aet% for some A € R* Then f](zﬂ) =
— LY 2 = LtAzet™] + Ax?ets =

— AlxetT + 2 eix ] + Aglet® = IFAei%

= 1 is an eigenfunction of H.

Finally, (515’77/)) ) + 2% (1)) = ——[Ae T 4+ xdw] + $3¢ _

F Aze*T > [dw+:€dlg]+x3w TAzetT T AvetT + 2[4 d952 Ut gt =
F2a1) + x[Fp| = F3a1p )
—> a1)(x) is an eigenfunction of H.

11



4 Finding the wanted eigenfunctions

4.1 Methodology

The method we will use to find eigenfunctions goes as follows:
0. Define the function T'(E, k, ¢y, c1, z) as an eigenfunction of H= —#j—; +

x? with eigenvalue k—E2 and ¢y, ¢1 as the first two coefficients of the power series
describing it.

1. We will set ¢cg = 1 and ¢; = 0 and fix a wanted value for k£ € N (let’s say
k =1 for now).

2. We will only use a finite number of terms of our power series (let's say we
use up to the m'th degree term, depending on how precise we want to be and
on the power of our computer). Let's write it 7,,(E,1,1,0,2) = > ", c,x™
3. We will replace x by 1 and m by 14 to get a fairly good approximation.
We get T14(F,1,1,0,1), this value should be equal to 0, since our function
must equal 0 for x = —1 and x = 1. We now have T14(F,1,1,0,1), which is
only dependent on E.

4. We will finally find for which values of £ do we have T14(F,1,1,0,1) = 0.
There are many ways to do it, we will do it by graphing T14(F,1,1,0,1) on
Desmos with E being the independent variable and by looking at the zeros
(see next page).

5. We will redo the same process but by setting ¢y = 0 and ¢; = 1 instead.

12



4.2 Finding one eigenfunction by graphing
Graph forcg=1,¢1 =0, k=1 m=14 and z = 1:

We have T14(F,1,1,0,1):

5

\ (2.59.‘. 0) (92..375. 0) | (45.599. 0)

0 s 10 5 25 30 35 40 4

We see that Ti4(E, 1,1,0,1) = 0 at E = 2.597, E = 22.578 and E = 45.322.

So we have that 774(2.597,1,1,0,x) is (approximately) an eigenfunction of
H = —j—; + 2% with eigenvalue F = 2.597.

If we develop and simplify 774(2.597,1,1,0,x), we get

T14(2.597,1,1,0,2) = —0.0000075422 + 0.00009762'2 — 0.001119' +
0.0099762% — 0.074822° 4 0.36442* — 1.29852% + 1

We will verify that T74(2.597,1,1,0,z) satisfies the conditions it needs to
satisfy.

If we apply —j—; + 2% — 2.597 on T14(2.597,1,1,0, z), we should get a result
that is very close to 0 for any z € [—1,1]. Let’s try that:

(=L + 22 — 2.597)(T14(2.597,1,1,0,2)) =

— (—0.0013732'2 +0.012882'0 — 0.100725 + 0.55872° — 2.2452 + 4.37322 —
2.597) +

(% —2.597)(—0.0000075422 4 0.00009762'2 — 0.0011192'° 4 0.00997625 —
0.0748225 + 0.36442* — 1.298522 + 1)

= —0.000007542x'% + 0.00011722

13



The coefficients we obtained are very close to 0, which 2is a very good clue that
T14(2.597,1,1,0,x) is indeed an eigenfunction of —% + 22 with eigenvalue
E =2.597.

Finally, if we evaluate 774(2.597,1,1,0,x) at x = —1 and x = 1, we get
T14(2.597,1,1,0,—1) = T14(2.597,1,1,0,1) = —0.0005502, which is very
close to 0. So our eigenfunction indeed approximately satisfies all the needed
conditions.

4.3 Quickly finding the two remaining eigenfunctions

According to our graph, we still have two eigenfunctions that we can find with
eigenvalues 22.597 and 45.322.
We will use the exact same procedure to find the functions:

T14(22.578,1,1,0,2) = —0.05839x* + 0.3848x1% — 1.93402'° + 7.00282° —
16.42442% + 21.3242* — 11.28922 + 1

T14(45.322,1,1,0,2) = —5.2312+19.78752'2 — 55.272621° +106.88742° —
130.18012°% + 85.6706x* — 22.6612% + 1

Let's now apply H — E on each function.

(—L 4 22 — 22.578)T14(22.578,1,1,0, ) = —0.05839z6 + 1.703214

da?

(=L, + 22 — 45.322)T14(45.322,1, 1,0, 2) = —5.231216 + 256.88z

da?

As we can see, the higher the eigenvalue is, the less accurate the approximation
of the eigenfunction seems to be. However, before concluding anything, we
will use the method of projections in order to see if indeed the approximation
gets worse as F increases.

14



4.4 Method of projections

Let My(P) = [, P2du
My(Pk,E) = [1 ([~ &L + 2% — E|P)%dx.

k2 da?

If (M}éi’f;f))% is close to 0, then our approximation is good. Let's first check

that for 774(2.597,1, 1,0, x):
My(Ti4(2.597,1,1,0,2)) = [ (~0.0000075422:4+0.000097622—0.00111921+
0.0099762% — 0.074822% + 0.36442* — 1.298522 + 1)2d:r: = 0.9857

My (T14(2.597,1,1,0,2),1,2.597) = [, (—0.0000075425+0.00011722)?dx
= 8.36692x10~ 10

( My (T14(2.597,1,1,0,2),1,2.597) )

My (Ty4(2.597,1,1,0,2)) = 0.0000291347

N[
N|—=

— ( 8.36692E—-10 )
0.9857

Mo(T14(22.578,1,1,0,2)) = [, (—0.05839z" + 0.3848z'2 — 1.93402'0 +
7.00282% — 16.42442° + 21.3242" — 11.28922 + 1)2da = 1.00453

My (T14(22.578,1,1,0,2),1,22.578) = [ (—0.0583926 + 1.703z4)2dx
= 0.18739

M, (T14(22.578,1,1,0,2),1,22.578)\ 1 __ (0.18739\1 __
( Mo (T14(22.578,1,1,0,2)) )2 = (Toors)? = 0.4319

Mo(T14(45.322,1,1,0,2)) = [, (=5.2312" + 19.78752'2 — 55.27262'0 +
106.88742% — 130.18012% + 85.67062* — 22.6612% + 1)2dxr = 0.9060

My(T14(45.322,1,1,0,2),1,45.322) = f_ll(—5.231:c16 + 256.88x14)2dx
= 4379.12

M (T14(45.322,1,1,0,2),1,45.322)\ 2 /4379.12\1 _
( My (T14(45.322,1,1,0,7)) )2 = (Gooa0)? = 69.52

As we can see, the estimation indeed becomes less accurate as E increases.
To solve this problem, we will simply add more terms to our power series so
that their accuracy is satisfying.

15



4.5 Finding more accurate eigenvalues

Reminder: we have to remember that we estimated our 3 values of E, which
means they might not be accurate. For this reason, we will restart the process
from the beginning, but with 38 terms to find the eigenvalues.

ng(E, 1, 1, 0, 1) .

| (2.597,0) | (62.011,0) | (199.791,0)

ST N T

(22.518,0) (121.932. 0)

250

We notice here that our first eigenvalue is exactly the same (which is coher-
ent with the fact that its estimation was extremely good). Also, the second
eigenvalue has slightly changed and the third one has changed a lot.

We also notice .that we now have two new eigenvalues: F = 121.232 and
E =199.791. Following what we have seen before, we can suspect that those
eigenvalues are not accurate at all, but that if we increase the value of m for
T..(E,1,1,0,1), those eigenvalues will get more and more accurate.

We will now find which functions are associated with £ = 22.518, £ = 62.011,
FE =121.232 and F = 199.791, starting with m = 14 for T,,(E£,1,1,0, x).

4.6 Finding more accurate eigenfunctions

Let's start with &/ = 22.518 and FF = 62.011 and verify their accuracy:

T14(22.518,1,1,0,z) = —0.057452'* + 0.37932'%2 — 1.91532'% + 6.9312% —
16.29622°% + 21.2108z* — 11.25922 + 1

T14(62.011,1,1,0,7) = —43.8819214+124.61072'2—259.271321°4-370.9352° —
332.39325 + 160.3072* — 31.00552% + 1

16



(—& + 22 — 22.518)T1,(22.518,1,1,0, ) = —0.057442'0 4 1.6728z1

My(T14(22.518,1,1,0,2)) = [, (=0.05745z™ + 0.3793z'2 — 1.9153z'0 +
6.9312°% — 16.29622° + 21.21082* — 11.2592% + 1)*dz = 1.00692

My (T14(22.518,1,1,0,2),1,22.518) = f_ll(—o.05744x16 + 1.67282)%dx
= 0.18079

= 0.4237

[

Mo(T14(22.518,1,1,0,2)) 1.00692

(=& + 22 — 62.011)T14(62.011,1,1,0, ) = —43.881920 4 28457724

Mo(T14(62.011,1,1,0,2)) = [*,(—43.88192'4+124.61072'2—259.271320+
370.9352% — 332.39325 + 160.3072* — 31.00552% + 1)%dx = 5.9472

My (Tys(62.011,1,1,0,2),1,62.011) = [, (—43.88192'6 + 2845.772'4)2dx
= 542514

N

( M;(T14(62.011,1,1,0,2),1,62.011) )

_ (542514\% _
Moy(T14(62.011,1,1,0,)) - ( )2 = 302.029

5.9472

For £ = 22.718, our eigenfunction is a bit more accurate than for £ = 22.578,
but still not enough. Also, even though E = 62.011 is a way more accurate
eigenvalue than E = 45.322, the eigenfunction we get out of it is way less
accurate (with m = 14). To solve both of these problems, we will simply add
more terms to our eigenfunctions (m = 38):

T32(22.518,1,1,0,2) = —(9.8139¢ — 17)23% 4 (2.8057¢ — 15)2¢ — (7.4804¢ —
14) 234+ (1.8507e—12) 232 — (4.2255e—11) 230+ (8.8447e—10)2* — (1.6845¢ —
8)x?0 +(2.8933¢ — 7)a2* — 0.00000443422% 4-0.0000598622° — 0.0007007x" +
0.006970x'% — 0.057452' + 0.37932'2 — 1.91532'° 4- 6.9312% — 16.29622° +
21.2108x* — 11.25922 + 1

T35(62.011,1,1,0,2) = —(1.1811e — 10)2® + (2.1182e — 9)2% — (3.4712¢ —
8)x34 + (5.1642¢ — 7)x3% — 0.0000069242° 4-0.000082952%% — 0.0008796220 +
0.0081642%*—0.0654722%+0.446722° —2.54632'8 +11.85742'6 —43.881924 +
124.61072'2—259.27132'9+370.9352°—332.3932%4-160.3072% — 31.00552% +
1
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(—dﬂé—l+x2—22.518)T38(22.518, 1,1,0,2) = —9.8139776e—172*+5.0156536e—
152°8

Mo(T38(22.518,1,1,0,2)) = [, (—(1.1811e — 10)2*® + (2.1182¢ — 9)20 —
(3.4712e — 8)x3* + (5.1642¢ — 7)x2 — 0.0000069242° + 0.000082952% —
0.00087962204-0.0081642%* —0.0654722%+0.446 7220 —2.54632'54-11.8574210—
43.8819z'+124.61072'2—259.27132'9+-370.9352°—332.39325+160.3072* —
31.0055x% + 1)2dx ~ 1.007

M, (T55(22.518,1,1,0,2),1,22.518) = [ ((=9.8139¢ — 17)2® + (5.0157¢ —
15)2%)%dz = 6.2875¢ — 31

o=

(Ml(T38(22.518,1,1,0,x),1,22.518) )

_ (6.2875e—31\1 _
Mo(T55(22.518,1,1,0,z)) = (252222 = 7.9017e — 16

1.007

(—& 2% —62.011)T35(62.011,1,1,0, ) = —(1.1811e — 10)2*0 4 (9.4424¢ —
9)5638

Mo(T38(62.011,1,1,0,2)) = [ (—(1.1811e — 10)2%® + (2.1182¢ — 9)20 —
(3.4712e — 8)z3* + (5.1642¢ — 7)2%? — 0.0000069242°° + 0.000082952%8 —
0.0008796226+-0.008164221—0.065472?%40.44672%° —2.546 328 +11.857420 —
43.881921+124.6107212—259.271320+370.9352%—332.3932°+160.30 721 —
31.00552% + 1)%dz ~ 1.003

M, (T3(62.011,1,1,0,2), 1,62.011) = [* (—(1.1811e — 102 + (9.4424¢ —
9)238)2dx
= 2.2597e — 18

( M; (T35(62.011,1,1,0,2),1,62.011) )

= (2:2597e18)
Mo(T55(62.011,1,1,0,2))

07c 1.5010¢ — 9

N[ =
N|—=

Now, we see that our functions are extremely good approximations of eigen-
functions. Now that we have found the eigenfunctions we wanted, we will try
the same with the two remaining eigenvalues we have.

4.7 Finding the two remaining eigenfunctions

We want to find the power series associated with £ = 121.232 and £ =
199.791 with m = 38:
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T33(121.232,1,1,0,2) = —0.000012402% + 0.00013322¢ — 0.0012922>* +
0.0112423%2 —0.087032%0 4+ 0.59522:28 — 3.5599220 4+ 18.41562:2* —81.3568x22 +
302.3795220—928.7739284+2307.09216—4511.9124+6713.59212—7265.57x 10+
5373.3728 — 2477.0425 4+ 612.47x* — 60.6162% + 1

T(199.791,1,1,0,z) = —0.11972% 4 0.817423¢ — 5.017523* 4- 27.5083232 —
133.7228230 + 571.6472%® — 2128.886922° 4 6832.70252** — 18663.988x2% +
42754.969220—80704.422184+122871.5019216 —146932.306214+133408.0928 12 —
87943.439721° + 39560.48762° — 11080.1992% + 1663.26852* — 99.89552% + 1

Let's now see how accurate these functions are:

(L +22—121.232) T35(121.232, 1, 1,0, ) = —0.000012402*0+0.001637%

Mo(T35(121.232,1,1,0,2)) = [, (—0.0000124025++0.00013322:*0—0.0012922:3 +
0.011242°2 —0.087032° 4 0.595222% — 3.55992%6 4- 18.41562%* — 81.356822% +
302.3795220—928.773921%4+-2307.092'0— 45119124 +6713.59212 —7265.5720+
5373.372% — 2477.042° 4 612.472* — 60.6162% + 1)%dxr ~ 1.11

My (T38(121.232,1,1,0,2),1,121.232) = [, (—0.000012402*+0.0016372%)2da:
— 6.85304e — 8

My (T5s(121.232,1,1,0,2),1,121.232)\ 1 /6.85804e—8\1
( Mo (T55(121.232,1,1,0,2)) )2 = (35—)2 = 0.0002486

Now, all our eigenfunctions are very accurate, except the one with eigen-
value £ = 199.791. If we really want to solve this problem, we can add more
terms to our power series to:

1) Get a more accurate eigenvalue

2) Get a more accurate associated eigenfunction

We will now redo all this process with the odd eigenfunctions.
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4.8 Repeat all this process for the odd functions
ng(E, 1, 0, 1, 1) .

o / | | | |
(10.151.0 9k (89.154.0) | \ (240.628,0)

(=]

-0-1

-0:2

We have £ = 10.151, E = 39.799, E = 89.154, E = 158.245 and E =
240.628. We will not do it for £ = 240.628 due to a lack of computational
power.

Ti5(10.151,1,0,1,2) = —0.00006989521% + 0.0007654z'3 — 0.0069092:11 +
0.049262° — 0.259927 + 0.90872° — 1.6922% + =

T53(39.799,1,0,1,2) = —0.000036582>* + 0.0003802x! — 0.003379z +
0.02518217 — 0.153521° + 0.74142 — 2.72472M + 7.21152° — 12.713327 +
13.24972° — 6.633223 + x

T31(89.154,1,0,1,2) = —0.0000356823! + 0.00034012%° — 0.0028622%7 +
0.021042% — 0.1335223 4+ 0.721 122 — 3.2612219 4+ 12.1063x7 — 36.002z1° +
83.1913x%—143.597121 +175.59082° — 141.0622"+66.2872° — 14.859% 23+
T39(158.245,1,0,1,2) = —0.000042012% + 0.000374423" — 0.0030142° +
0.02178x33 —0.1402923' +0.79922%° —3.991 722"+ 17.30152%° — 64.32162% +

202.3247x% —529.8335219 +1132.8757x7 — 1931.152621° + 2546.9505213 —
2499.867x! + 1732.7462° — 787.064x" + 208.729x° — 26.374x3 + x

We will now measure their accuracies:

(—dd—;+x2—10-151)T15(10.151, 1,0,1,2) = —0.000069895x74-0.00836352

My(Ti5(10.151,1,0,1,2)) = [, (—0.00006989523+0.00076542:13—0.0069092 +
0.049262° — 0.259927 + 0.90872° — 1.6922° + x)%dx ~ 0.0991042
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M;(Ty5(10.151,1,0,1, 2),1,10.151) = f_ll(—0.000069895x17+0.0083635x15)2d:c
= 4.44221e — 6

M, (T15(10.151,1,0,1,2),1,10.151)\ 2 /4.44921e—6\L
( Mo(T15(199.791,1,0,1,7)) )? = (oo )? = 0-006695

(—&, 2 — 39.799)T53(39.799, 1,0, 1, 2) = —0.000036582> + 0.0018362:
Mo(T15(39.799,1,0,1,2)) = [*,(—0.00003658223++0.00038022:>' —0.00337929+
0.02518z'" — 0.153521% + 0.74142'3 — 2.724721 + 7.211527 — 12.713327 +
13.24972° — 6.63322% + x)%dw ~ 0.0252167

M;(T15(39.799,1,0,1, 2),1,39.799) = f_ll(—0.00003658:1:25+0.001836x23)2dx
= 1.38012e — 7

(M1(T15(39.799,1,0,1,3;),1,39.799) )

Mo(T15(199.791,1,0,1,7)) = 5.47304e — 6

N|=
N=

— (1.380126—7)
V1 0.0252167

(=& 4 22 — 89.154)T5(89.154, 1,0, 1, ) = —0.0000356823 + 0.0035212%!

My(T5(89.154,1,0,1, 7)) = f_ll(—0.00003568x31+O.0003401:1:29—0.002862x27+
0.021042%° — 0.1335223 + 0.721122! — 3.26122' + 12.1063z'7 — 36.002z'° +
83.1913z'3 — 143.59712M + 175.5908z” — 141.062x7 + 66.287x° — 14.859 =

23 + x)2dr ~ 0.0133732

M (T15(89.154,1,0,1,2),1,89.154) = fjl(—0.00003658x25+0.003521x23)2dx
= 5.17089%¢ — 7

(M1 (T15(89.154,1,0,1,x),1,89.154) )

_ (5.170896—7)
Mo(T15(199.791,1,0,1,2))

Sossrz )2 = 0.006218

N[ =
N|—=

(= 02— 158.245)Ty3(158.245, 1,0, 1, ) = —0.0000420124! +0.0070222%

Mo(T15(158.245,1,0,1,2)) = [ (—0.000042012+0.0003744257—0.0030 1425 +

0.02178x33 —0.1402923' +0.79922%° —3.991 722"+ 17.30152%° — 64.32162% +
202.3247x% —529.8335219 + 1132.8757x7 — 1931.152621° + 2546.9505213 —
2499.867x11 +1732.746x" — 787.064x" +208.729x° — 26.3742° + x)*dx =~ 0.11

M (Ty5(158.245,1,0,1,x),1,158.245) = f_ll(—O.000036583:25+0.003521x23)2d:c
= 5.17089%¢ — 7
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MI(T15(158245717();1’1')71;158245) 1 _ 5.17089e—7 1 —
( Mo(T15(199.791,1,0,1,7)) )? = (*=g—)2 = 0.002168

All these functions are very accurate.

4.9 Repeat all this process for other values of k
k=2:

ng(E, 2, 1, 0, 1) .
_ |

1/\/

(2.972.0) (23.433,0) (62.99,0) | |  (122.222, 201.186, 0)

-20

=)

VN A \/

T14(2.972,2,1,0,2) = 1 — 1.4862% + 0.70142* — 0.26762° + 0.06432° —
0.01402z° + 0.002264212 — 0.0003452** + 0.00004201216 — 0.0000049182:'8

T54(23.453,2,1,0,z) = 1 — 11.72652% + 23.25182* — 19.7412° + 9.9282° —
3.46462'94-0.91642'2—0.194221440.034262'—0.005165218+0.0006 793220 —
0.00007922%2 4+ 0.0000082882%*

T32(62.99,2,1,0,2) = 1 — 31.49522 + 165.65582* — 352.0212° + 407.792° —
301.055721° + 156.022'2 — 60.6152 + 18.50921% — 4.60221% + 0.95782%° —
0.17042% + 0.026392%* — 0.00360622% + 0.00044012>8 — 4.844F — 05230 +
4.8505F — 0623

T35(122.222,2,1,0,2) = 1—61.11122 +622.75912* — 2545.310034562572° +
5599.7128x8+—7717.6594210+7315.656222—5082.4438 214 +2710.2044 26 —
1148.94242® + 398.07072%0 — 115.25712%% + 28.404412%* — 6.0503226 +
1.1284228—0.18632%°+0.02751232—0.00366 1234 +0.000442523¢ — 4.8877FE —
0538
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Ty(FE,2,0,1,1) :

o

(10.983 (40.7 bG\ (90.14,0) | (159.24,0) /_\ (238.995. 0)
/ \ / T 5

-0:2

T%(10.983,2,0,1,2) = z — 1.830523 + 1.2052° — 0.4895z7 + 0.14162° —
0.031942 +0.00588213 — 0.000915921% +0.000123527 — 1.4677E — 05210 +
1.5596 E — 0622 — 1.499F — 07223

T9(40.766,2,0,1, 1) = z — 6.79432° + 14.04892° — 14.2832x" + 8.86762" —
3.8057x1 +1.221921% —0.309721° + 0.064382' 7 — 0.01129219 +0.001 7122 —
0.00022704223 + 2.6823E — 0522° — 2.8513F — 06227 + 2.7528 E — 0722

T37(90.14,2,0,1,2) = 2—15.0233234+67.91022° —147.178927+188.03262° —
159.43622M1 +96.946821% — 44.65022°+16.2226217 —4.7978219 4+ 1.184222 —
0.248922340.0452922°—0.00723322"+0.0010262>—0.0001306231+1.5031 E—
05233 — 1.5774E — 0623 + 1.5189F — 07237
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k=3:

Tu(E,3,1,0,1)

:
i Olk i /\ (202.851,0) | (201.471,0) /

—

=)

VAV \/

T55(3.556,3,1,0,2) = 1 — 1.7782% + 1.2769z* — 0.68482° + 0.24872% —
0.0783z'° + 0.019072'2 — 0.004245z™ + 0.00077792'¢ — 0.00013392'8 +
0.000019682% — 2.7595E — 06222

Tys(25.015,3,1,0,2) = 1 — 12.5082% + 26.825x% — 26.1212° + 15.982° —
7.05372'9 4 2.42632'2 — 0.68232™ +0.16212'6 — 0.033322'% +0.0060332%° —
0.0009758z%2 4 0.00014262%* — 0.0000189982%6 4 0.0000023261 22

T34(64.632,3,1,0,2) = 1 — 32.31622 + 174.8042* — 386.2925 + 473.932° —
378.974x' + 217.87212 — 96.112' + 34.05320 — 10.0192'8 4 2.51072%° —
0.54642%2+0.10492%* —0.017998226+0.002788x2 —0.00039332°° +5.091 £ —
05232 — 6.087E — 0623
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Ty(E, 3 0,1,1

01

(12.325,0) | (42.388,0) (91.792,0) \ (160.911,0) /\ b i b

20

04

02

T55(12.325,3,0,1,1) = z — 2.05422° + 1.7162° — 0.9437z7 + 0.37603z° —
0.11932"4-0.031122'3—0.0069412'°+0.0013442'"—0.00023112°+3.559 F —
0522 — 4.976E — 062 + 6.361F — 0722

T51(42.388,3,0,1,1) = 2 —T7.064723 4 15.42292° — 17.079192" +11.98282° —
6.014921 +2.325721% —0.7272215 + 0.190327 — 0.0427221° +0.008389x2! —
0.0014632234-0.00022922:2°—0.00003258922"4+4.2412F — 0622 —5.086 79 E —
07231

T39(91.792,3,0,1,1) = 2—15.298723+70.66482° —157.71782"+209.9058 2 —
188.0648x11+122.76922x13 —61.72292194-24.891927—8.30522194-2.3485221 —
0.5738223 +0.1232% — 0.0234422"+0.00401322° — 0.000622923 + 8.8351 E —
05233 — 1.1526 E — 052%° 4+ 1.3913E — 06237 — 1.5617E — 072
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k=4:

Ti(F,4,1,0,1) :

— /\ F— /\ (206515, 0)

LY

(=]

27.198,0) | \ (126.209, 0) \/ (247.136,0)

/ (8

Tos(4.3,4,1,0,z) = 1—2.152% +2.1042" — 1.448z5 + 0.71232% — 0.2915210 +
0.09583z'2 — 0.02789z' + 0.006888x'6 — 0.001555z'® + 0.00030762% —
5.672E — 05222 4 9.359F — 06224 — 0.0000014582% + 2.064E — 0722

'
-

T35(27.198,4,1,0,2) = 1—13.59922+32.155524 4+ —36.40492% +26.86842° —
14.59162° +6.26332'2 + —2.21882* 4+ 0.66920 — 0.17552 +0.040732%° —
0.0084752%? 4+ 0.0015982%* — 0.000275522° + 4.3732F — 0522® — 6.4334F —
06230 4+ 8.8175E — 07232

T33(66.951,4,1,0, ) = 1-33.47552>+188.10152* —437.63982°4-576.965 125 —
507.00692°4-327.09142'2—164.89672'4+67.806126—23.45762%+6.987922" —
1.82522240.423922*—0.088592264+0.01682225 —0.00292323°+0.0004685232 —
6.9645F — 052%* + 9.6503F — 06230 — 1.2521F — 06238
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ng(E, 4, O, 1, 1) .

0:2

s

(14.119,0) (4-1.67'.{\ (94.12,0) (163.302,0) /\ (220745, 0)
180 200 220 240

20 40 60 80 0 120 140 260

-0:2

Tyy(14.119,4,0,1,1) = o — 2.3532% + 2.4612° — 1.7242"7 + 0.884972" —
0.364321+0.12372—0.0360821°4+0.0091522"—0.00206627+0.0004181 221 —
7.698E — 05223 + 1.296E — 0522° — 2.015E — 06227 + 2.904F — 07220

T35(44.677,4,0,1,1) = o — 7.446223 + 17.43362° — 21.38142" +17.14162° +
—10.07222M +4.64272" — 1.75512" +0.56142'7 — 0.15542"° 4+ 0.037922! —
0.0082642% 4 0.0016272% — 0.0002919227 4 4.8109F — 0522 — 7.3325F —
063! + 1.03915E — 06233 — 1.376E — 072

Ts9(94.12,4,0,1,1) = 2 —15.686723 4 74.62152° — 173.1992" +242.99212° —
233.105521+165.562621% —91.9642°+41.56122'7 —15.74032'9+5.11062% —
1.44832%3+0.36352% —0.081742274-0.0166422°—0.003092314-0.00052 75233 —
8.3268E — 0523 + 1.222F — 052%7 — 1.6751E — 062
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4.10 Measuring the accuracies
(—dd—; + 2% —2.972)T15(2.972,1,1,0, ) = —0.0000049182% + 0.0035362'8
Mo(Ti5(2.972,1,1,0,2)) = [*,(1—1.48622+0.70142* —0.267625+0.06432°

0.014022'940.002264212—0.00034524+0.0000420126—0.0000049182%)%dx ~
0.946456

Mi(T15(2.972,1,1,0,2),1,2.972) = [ (—0.0000049187>"+0.0035362'%)2dz
= 6.74071e — 7

N
(SIS

( M (Ty5(2.972,1,1,0,2),1,2.972) )

— (6.740TLe=T)
Moy (T15(199.791,1,1,0,7))

0.94645 = 0.0008439

(—dd—;z + 2% —23.453)T54(23.453,2, 1,0, z) = 0.0000082882%0 — 0.00027362**

Mo(Ty(23.453,2,1,0,2)) = [, (1 — 11.72652% + 23.2518z* — 19.7412 +
9.9282% — 3.4646x'° 4 0.91642'% — 0.19422' + 0.034262'° — 0.0051652° +
0.0006793z* — 0.00007922* + 0.000008288x**)%dz ~ 1.02503

M1(T5(23.453,2,1,0,2),1,23.453) = f_ll(0.0000082885626—0.0002736x24)2dx
— 2.88013¢ — 9

(M1(TQ()(23.453,2,1,0,9C),1,23.453) )

_ (2.880136—9)
Mo(T15(199.791,1,1,0,2))

1.02503 = (0.0000530076

o=
N|—=

(_dd_; + 2% —62.99)732(62.99,2, 1,0, z) = 4.8505F — 0623 — 0.00035397 23>

My(T%(62.99,2,1,0,2)) = f_ll(l — 31.49522 + 165.65582* — 352.0212% +
407.792% — 301.05572'° + 156.022'2 — 60.6152'* + 18.5092'¢ — 4.6022'8 +
0.95782%° —0.17042%2+0.0263922* —0.003606226 +0.0004401 2% — 4.844F —
05230 + 4.8505E — 062%?)%dx =~ 1.00979

M1(T5(62.99,2,1,0,2),1,62.99) = ffl(4.8505E—06:c34—0.00035397:c32)2d;c
= 3.7534e — 9

( M, (T50(62.99,2,1,0,2),1,62.99) )

_ (37534e-9N1 _
Mo (T (199900 )2 = ( )2 = 0.0000609673

1.00979

N
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(—j—;+x2—122.222)T38(122.222, 2,1,0,2) = —4.8877E—052%—0.0055323

Mo(T9(122.222,2,1,0,2)) = [*,(1—61.11122+622.75912* —2545.3100345625725+
5599.712828+—7717.65942'0+7315.656222 —5082.44382 14 +2710.2044216 —
1148.942428 + 398.0707x%° — 115.25712%% + 28.40441z2%* — 6.0503226 +
1.1284228—0.18632%°+0.02751232 —0.00366 1234 +0.0004425236 — 4.8877TFE —
0523%)2dx ~ 0.918346

My (Ty(122.222,2,1,0,2),1,122.222) = [ (—4.8877E—052"0—0.005532%)2dx:
— 8.08054¢ — 7

M;(T50(122.222,21,0,2),1,122.222)\1  /8.08054e—7\1
( Mo (T15(199.791,1,1,0,2)) )2 = (%5oraaae)? = 0.000938031

(_%+$2—10-983)T22(10.983, 2,1,0,7) = —1.499 E—072%+0.0000032062%"

Mo(T2(10.983,2,1,0,2)) = [ (2—1.830523+1.2052° —0.489527+0.14162°—
0031941 4-0.0058823 — 0.00091592% +0.00012352'7 — 1.4677E — 0519 +
1.5596E — 0622 — 1.499F — 07223)2dz ~ 0.092941

M (T5(10.983,2,1,0,2),1,10.983) = [, (—1.499E—07225+0.0000032062%")2da
= 3.38372¢ — 13

N[—=

(M1(ng(10.983,2,1,0,3;),1,10.983))% — (33837213

Mo(T15(199.791,1,1,0,7)) Soo90a1 )2 = 1.90807e — 6

(—j—;+x2—40-766)T29(40.766, 2,0,1,7) = 2.7528 E—072% —0.000014072%"

Mo(Tag(40.766,2,0,1,2)) = [*,(z — 6.794323 + 14.04892° — 14283227 +
8.8676x? — 3.8057x + 1.2219213 — 0.3097'® + 0.06438z'7 — 0.011292 +
0.0017122' —0.00022704223+2.6823 F —0522° —2.8513FE — 06227 +2.7528 £ —
0722)2dx ~ 0.0248758

M (T29(40.766,2,0,1,2),1,40.766) = [, (2.7528 E—072%5—0.000014072")2dx
= 6.90938¢ — 12

(M1(T29(40.766,2,0,1,x),1,40.766) )

Mo(T9(40.766,2,0,1,2)) = (0.00001667

N [—=
N [—=

— ( 6.90938¢—12 )
— 1 0.0248758
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(=L + 22— 90.14)T5(90.14,2,0, 1, ) = 15189 — 072 — 0.000015272%"

My(T37(90.14,2,0, 1, 2)) = f_ll(x — 15.02332% 4+ 67.91022° — 147.178927 +
188.032627—159.436221+96.946821% —44.6502219+16.222621 " —4.7978x 1+
1.184222'—0.24892%+0.0452922°—0.00723322"4+0.00102622° —0.0001306 23! +
1.5031F — 0523 — 1.5774E — 062 + 1.5189F — 072%")%dz ~ 0.0705178

My (T37(90.14,2,0,1,2),1,90.14) = [ (1.5189 E—072%9—0.00001527227)dx
= 8.34113¢ — 12

= 0.00001088

N[

(M1(T37(90.14,2,0,1,x),1,90.14))% . (8_341136_12)
Mo(T57(90.14,2,0,1,%)) — \70.0705178

(_dd_;jo? —3.556)T%9(3.556,3,1,0, ) = —2.7595FE — 062**+0.00002949.*

Mo(T(3.556,3,1,0,2)) = [*(1-1.77822+1.27692"* —0.6848254-0.248725 —
0.0783z'0 4 0.019072'2 — 0.0042452 + 0.000777926 — 0.00013392'8 +
0.000019682% — 2.7595E — 06222)2dx = 0.890887

M (T5(3.556,3,1,0,x),1,3.556) = [, (—2.7595E—062>'+0.0000294927%)dx
— 3.20366¢ — 11

( M, (T32(3.556,3,1,0,7),1,3.556) )

_ (3.20366e—11\1 _
Mo (T22(3.556,3,1,0,2)) = (252222222)2 = 5.9967e — 6

0.890887

(SIS

(—&+22—25.015)Ths(25.015, 3, 1,0, 2) = 0.00000232612%0—0.0000771852%

My(Tps(25.015,3,1,0,2)) = [' (1 — 12.5082% + 26.825z" — 26.12125 +

15.982% — 7.05372' + 2.4263x1? — 0.6823z + 0.162121% — 0.033322'8 +
0.0060332%°—0.00097582224-0.00014262**—0.0000189982%6+0.000002326 12°%)?dx =
1.05298

My (Tps(25.015,3,1,0,2),1,25.015) = [ (0.00000232612%—0.00007718522%)2dx
= 1.97041e — 10

(M1(T28(25.015,3,1,0,x),1,25.015) )

_ (1.9704le—10\1 _
Mo(T55(25.015,3,1,0,2)) = (==55=2)2 = 0.0000136794

1.05298

N[ =
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(—L 22— 64.632) T54(64.632, 3, 1,0, 2) = —6.087E — 0620 +0.000444328

My(T34(64.632,3,1,0,2)) = f_ll(1 — 32.31622 + 174.8042* — 386.2925 +
473.932% — 378.974x10 + 217.87212 — 96.112™ + 34.0532'0 — 10.019218 +
2.510722°—0.5464222+0.10492%*—0.0179982264+-0.002788228 —0.0003933 2"+
5.091F — 0522 — 6.087E — 0623)%dx = 1.1795

My (T54(64.632,3,1,0, ), 1,64.632) = [, (—6.087 E—0620-+0.00044432%)2dx
= 6.76099¢ — 9

= 0.0000757105

N[
N =

(Ml(T34(64.632,3,1,0,:13),1,64.632) )

_ (6.76099@—9)
Mo (T54(64.632,3,1,0,2)) -

1.1795

(—&, 2% —12.325)T55(12.325,3,0,1,1) = 6.361F — 07227 —0.000012822:%

My(Ty5(12.325,3,0,1,1)) = f_ll(:1:—2.0542x3+1.716x5—0.9437x7+0.37603x9—
0.11932140.03112213—-0.0069412'°4+0.0013442'"—0.000231127+3.559 F —
0522! — 4.976E — 062> + 6.361E — 072%)%dz = 0.0839517

My (T5(12.325,3,0,1,1),1,12.325) = [, (6.361 E—0722—0.0000128222)2da
— 5.84445¢ — 12

(M1(T25(12.325,3,0,1,1),1,12.325))

_ (5.84445e—12\1 _
My (T25(12.325,3,0,1,1)) = (Erai-)? = 8.34367e — 6

0.0839517

N[—=

(—& 02— 42.388)T51(42.388,3,0, 1, 1) = —5.08679 5 —072%34-0.0000258032>!
My(T3;(42.388,3,0,1,1)) = f_ll(x — 7.064723 + 15.42292° — 17.0791927 +
11.9828x% — 6.014921 + 2.3257213 — 0.727221° + 0.1903217 — 0.04272210 +
0.00838922! — 0.001463223 + 0.00022922:2° — 0.0000325892%7 + 4.2412F —
0622 — 5.08679F — 072°")2dx = 0.0243158

My (T3, (42.388,3,0,1,1),1,42.388) = [, (=5.08679 E—072%3+0.000025803z3)2da:
= 2.03363¢ — 11

(Ml(Tgl(42.388,3,0,1,1),1,42.388) )

Mo (T51(42.388,3,0,1,1)) = 0.0000289196

N[
N[

— ( 2.03363e—11 )
— 4 0.0243158
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(—%+:€2—91-792)T39(91.792, 3,0,1,1) = —1.5617E—072*'4-0.0000157262°

Mo(T59(91.792,3,0,1,1)) = [ (& — 15.29872% 4 70.66482° — 157.717827 +
209.905827 —188.0648x1+122.76922213—61.722925+24.89192'7—8.3052x 19+
2.3485x21 —0.5738223+0.12322° —0.023442"+0.00401322? —0.000622923! 4
8.8351 E—052%—1.1526 E—052%4-1.3913E—0623"—1.5617TE—072%)2dx ~
0.0251766

My (T9(91.792,3,0,1,1),1,91.792) = [* (—1.5617 E—072*14-0.0000157262%)2dx
= 6.14025¢ — 12

= 0.0000312338

N[ =

(M1(T39(91-792,3,0,1,1),1,91-792))% _ (6.14025@—12)
Mo (T39(91.792,3,0,1,1)) — \70.0251766

(—L 4 22 — 4.3)Ts(4.3,4,1,0,2) = 2.064E — 072% — 0.0000023462°

Mo(Tp(4.3,4,1,0,2)) = [1,(1 — 2.152% + 2.1042"* — 14482 + 0.71232° —
0.29152194-0.095832:12—0.027892:144-0.006888::16—0.001555284-0.00030 76 20—
5.672E — 05222 4 9.359 F — 06224 — 0.000001458226 4 2.064 E — 0722)%dx =
0.828978

My (Tog(4.3,4,1,0,2),1,4.3) = [1,(2.064E — 0723 — 0.0000023462:2%)2dx
= 1.61681e — 13

( M (To5(4.3,4,1,0,2),1,4.3) )

_ ( 1.61681e—13 )
Mo(ng(4.3,4,1,0,Jf)) o

OL681e_13); — 4.41629¢ — 7

N[
N[

(=22 —27.198)T55(27.198,4, 1,0, ) = 8.8175 E—072*—0.0000304372°

Mo(T59(27.198,4,1,0,2)) = [*,(1 —13.59922 + 32.15552* 4 —36.404925 +
26.86842% — 14.59162'% + 6.26332'* 4+ —2.2188z'* + 0.66920 — 0.17552'% +
0.040732% —0.008475222 4 0.0015982%* — 0.000275522¢ +4.3732F — 05228 —
6.4334F — 062" + 8.8175F — 072%%)?dz ~ 1.08521

M;(T3(27.198,4,1,0,2),1,27.198) = ffl(8.8175E—07:c34—0.000030437x32)2dx
= 2.69252¢ — 11

= 4.98107e — 6

N[ =
N[ =

(M1(T32(27.198,4,1,0,:5),1,27.198) )

— (26925211
Mo(T52(27.198,4,1,0,2)) -

1.08521
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(—j—;+x2—66-951)T38(66.951,4, 1,0,7) = —1.2521 E—062%+0.000093482%

Mo(T38(66.951,4,1,0,2)) = [*,(1—33.47552% +188.10152* — 437.639825 +
576.96512:3—507.00692194327.0914212—164.896 724 +67.806 1216 —23.45 7618+
6.98792%0 — 1.825x%2 +0.42392%* — 0.08859226 4 0.016822:2% — 0.0029232%0 +
0.000468523% — 6.9645 E — 05234 +9.6503 E — 062%0 — 1.2521 E — 062%)2dx ~
1.14882

My (T3s(66.951,4,1,0,2),1,66.951) = [* (—1.2521 E—06294-0.000093482%%)2dx:
— 2.21087¢ — 10

N[ =

(M1(ng(66.951,4,1,0,:1:),1,66.951) )

_ (2.21087e—10\1 _
Mo (T55(66.951,4,1,0,2)) = (2255222 = 0.0000138725

1.14882

(_j—;ﬂLﬁ—14-119)T29(14-119, 4,0,1,1) = 2.904F — 0723 —0.0000061152%

Mo(Th(14.119,4,0,1,1)) = [, (2—2.3532342.4612° —1.72427+0.8849727 —
0.36432114-0.123723—0.0360827+0.0091522:17—0.0020662'94-0.0004181 22! —
7.698E — 0522 + 1.296 E — 0522 — 2.015E — 06227 + 2.904F — 0722)2dx =
0.0734848

My (Tr9(14.119,4,0,1,1),1,14.119) = f_ll(2.904E—07x31—0.000006115x29)2dx
— 1.1538¢ — 12

(M1(T29(14.119,4,0,1,1),1,14.119))

Mo (To(14.119,4,0,1,1)) = 3.96247¢ — 6

N|—=

( 1.1538e—12 )
0.0734848

o=

(—& 0 —44.677)T35(44.677,4,0,1,1) = —1.376 E—07237+0.0000071872%
Mo(Tss5(44.677,4,0,1,1)) = [1 (x — 7.44622% + 17.43362° — 21.381427 +
17.14162° + —10.07222M + 4.64272 — 1755121 + 0.56 14217 — 0.155421% +
0.037922! — 0.0082642% 4 0.0016272%° — 0.00029192%" 4 4.8109F — 0522° —
7.3325E — 06231 4+ 1.03915F — 0623 — 1.376 £ — 072%)dx = 0.0296724

My (T35(44.677,4,0,1,1),1,44.677) = [ (—=1.376 E—07237+0.0000071872%)2dx
= 1.40133¢ — 12

N[ =

(Ml(T35 (44.677,4,0,1,1),1,44.677) )

_ /1.40133e—12\% _
Mo (T35 (44.677,4,0,1,1)) = (2222 = 6.87217e — 6

0.0296724
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(=L 22— 04.12)T39(94.12,4,0,1,1) = —1.6751 E—062*1+0.000169882™

Mo(T39(94.12,4,0,1,1)) = [ (x — 15.68672% + 74.62152°7 — 173.19927 +
242.99212°—233.10552' 1 +165.56262% —91.9642 9 +41.56122'"—15.74032°+
5.110622! —1.44832% +0.363522° — 0.081742%" +0.016642% — 0.0030923 +
0.0005275233 — 8.3268 E — 052% +1.222F — 05237 — 1.6751 F — 0623%)2dx ~
0.0344058

My (T39(94.12,4,0,1,1),1,94.12) = [ (~1.6751 E—062"1+0.000169882%)?dx
= 7.16628¢ — 10

— ( 7.16628e—10 )

oszioss )2 = 0.000144322

N
N

(M1(T39(94.12,4,O,1,1),1,94.12))
Mo(Ts59(94.12,4,0,1,1))

We can see that all our functions are very accurate.
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5 Graphs of all accurate nonzero eigenfunc-

tions we found

5.1 k=1
T14(2.597,1,1,0, ) :

Ti5(10.151,1,0,1,2) :

(-1.0)

04

0:2

(1.0)

-0.2

04
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T38(22518, 17 1, 0, 113) .

(-1,0) (1,0)
T23(39799, 1, O, 1, .CC) :
(-1.0) \ \ (1.0)
N TN
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T38(62.011, 17 1, 0, x) :

(-1.0) (1.0)
| ) | 0 1,0
T31(89.154,1,0,1, z) :
~1.0002.0 AT TN
- ( _0)3 /_0(5 - 4\ i \ / (1.0002.0)
/ \ Y\./V B [
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T38(121232, 1, 1, O, 517) :

T39<158245, 1, 0, 1, ZU) :
\ (—0.999. 0) \o N\
G o6 \iy (0.999,0) i
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5.2 k=2
T14(2.972,2,1,0, ) :

T,(10.983,2,1,0, z) :

—0:5

~-0:5
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T20(23453, 2, 1, 0, 33) .

Too(40.766,2,0,1,2) :
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T32(62.99, 2, 1, 0, a:) .

Ty7(90.14,2,0,1, ) :

(—1.0001,

| (=10

0.2 |

(1,0)

(1.0001,0)
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1

2

-







5.3 k=3
T22(3.556,3, 1,0,37) .

Tys5(12.325,3,0,1,1) :

~0:5
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Tys(25.015,3,1,0,2) :

Ty1(42.388,3,0,1,1) :

44

(1.0)




T34(64.632,3,1,0,2) :

T39(91.792, 3, O, 1, 1) :
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54 k=4
T28(4.3,4, 1, 0,{13) :

1

{—1.'0)

T29(14119, 4, O, 1, 1) .

~0:2

--0:2
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T32(27198, 4, 1, 0, 33) .

Ty5(44.677,4,0,1,1) :

(-1.0)
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T38(66.951, 4, 1, 0, x) :

(-1.0)

\/

Ty(94.12,4,0,1,1) :
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6 Part 2

6.1 Goal of part 2

Our first next goal is the following:

Define A\, = a(a + 1) — b* and
B,={(l,m):leNy,ymeZ,|m|<land a= N}

We want to find the smallest positive integer n number such that |B,| > 15
(if there exists one) and we want to get B,,.

Assuming n exists, if n is too large for our computer to handle such high
values, we will try to find other smaller positive integers m; such that B,,, is
as large as possible.

Once we have obtained B, we will define a;,,,b;,, as being two N(0,1)-
random real numbers associated with each (I, m) couple.

Finally, we will graph > e g, [aimcos(my) P" (cos(x))+bymsin(my) " (cos(x))]
where P"(cos(x)) is the [, m-Legendre function. We will then try to graph
the zero set of each of these graphs.

As said above, if some couple (I,m) is too large to be handled by our com-

puter, we will have to decrease the value of n or only take a subset of B,, as
our set.
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6.2 Finding n

To find n, we will use a java program that will iterate through integers ¢ from
0 to 10000 (we are hoping that n < 10000 for now).
For each of these integers 7, we will count how many positive integers j where

|7| < i there are such that y/j(j + 1) — i is an integer. This number of inte-
gers will be equal to |B;|. Then as soon as we have B; > 15, we have found

n —=1.

The reason why that works is because if k = £/j(j + 1) — i € Z, then |k| =
ViG+1) —i=P+j—i</?=j solkl<j, jeNandk € Z
Then j(j+1)—k* =j(i+1)—(\j(i +1) —i)° =j(j+1)—j(j+1)+i=1.
That means (j, k) € B;.

So if we find at least 15 couples (j, k) € B;, then we have found that n = i.

Also, we don't need to verify for values of j greater than i, since if j(j +
1) — k? = 1, then it must be that j <.

Proof:

Let ¢ € Ny. Now, assume 35 € Ny, k € Z, where i,|k| < j such that
i=j(+1)— k.

We have j2 > k* and j >4, hence j(j +1) = 5> +j > i+ k* = j(j + 1).
This is a contradiction.

Q.E.D.

Here is another elegant proof:
Let ¢ € Ny. Now, assume 35 € Ny, k € Z, where i,|k| < j such that
i=j(+1)— k.

Thenleta = (j —i) € N, j = a+i. We have that |k| = +/j(j+1)—i=
Viet+i)a+i+1)—i=/(a®+ia+a+ia+i®+i)—i=

Va2 +2ia+i2+a=/(a+i)2+a>/(a+1i)?=a+i.

Also, [k| = \/(a+i)2+a<+/(a+i)+a+a+2i+1=
Vie+i)2+2a+i)+1=/((a+i)+1)2=a+i+1.

So we have that a + i < |k| < a + i+ 1, which contradicts the fact that
k € 7Z, so our initial assumption that 35 € Ny, k € Z, where i, |k| < j such
that i = j(j + 1) — k* was false.

Q.E.D.
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Here is our code:
for {int i=6; i<leeed; i) { // iterating from @ to 1e686
int cnt = @; // counter
for (int j=-i-1; j<=i; j++) { // iterating from -i to i

if (j*(j+1)-1i >= @) { // to make sure we don't get the sqrt of a negative number

if (Math.floor(Math.sqr(j*(j+1)-1i)) == Math.sqri(j*(j+1)-i)) { // Verifying if j*(j+1)-i is an integer

cnt++; // increases the counter by 1

h
}
b
if (cnt>=15) { // breaks as soon as we find gnt is greater or equal to 15 for the current i
System.out.print("n=" + i + " and |B_n|=" + ent); // outputs n and |B_n|
break;

And here is our output:
n=236 and |B_n|=16

Now that we know that n = 236 and that |Byss| = 16, we will find find
the 16 couples in Bysg with another program.

Here is our code:
for (imt j=8; j<=i; jH+) { // iterates from 8 to i
if (§*(§+1)-236 »= 8) {

if (Math.fleor(Math.sqri(j*(j+1)-236)) == Math.sqgri(j*(j+1)-236)) { // exact same principle as abowve

arr[ctt]=j; // inserts the current integer in the array

ctt++; // increases the position in the array by 1 for the next number that will be inserted

h
for (int j : arr) { // prints the couples
System.out.print(" ("+j + ","+ (int)Math.sqre(j*(j+1)-maxI) + ") ");
h
for (int j : arr) { // prints the couples

System.out.print(" ("+j + ","+ (int)-Math.sgri(j*(j+1)-maxI) + ") ");

And here is our output:
f15,2) (16,6) (12,12) (28,24) (35,32) (48,48) (79,78) (236,23R)

(15,-2) (16,-6) (19,-12) (28,-24) (35,-32) (48,-46) (79,-78) (236,-236)
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However, when we enter P"(cos(z)) in Maple for each couple (I,m), we

see that it works for all of them, except (236,236) and (236,-236) because of
a lack of computational power.

In fact, we observe that it stops working around [ = 120. To counter this
problem, we have many options:

1) Find the integer n < 120 such that | B,,| is maximised.

2) Stick with n = 236.

3) Find the integer n such that [{(I,m) : | € Ny, | < 120, m € Z, |m| <]
and @ = A;, }| is maximised.

We will try all 3 options and graph some samples with different coefficients
chosen with N(0,1):

1) Here is our code to find the integer n < 120 such that |B,| is maximised:

int maxCNT=0; // Those variables will be useful to keep track of which integer has the most corresponding couples
int maxI = 8;

int cnt = 8;

int i=0;
for (i=8; i<12@; i++) { // iterating from @ to leeee
cnt = @; // counter
for (int j=8; j<=i; j++) { // iterating from -i to i

if (§*(j+1)-i »>= @) { // to make sure we don't get the sqrt of a negative number

if (Math.floor(Math.sqrt{j*(j+1)-i)) == Math.sqri(j*(j+1)-i}) { // Verifying if j*(j+1)-i is an integer
if(j==8) {
cit++; // increases the counter by 1 if j=8
1
else {
cnt+=2; [/ increases the counter by 2 if j»@
¥
}

}

if (cntxmaxCNT) {
maxCNT = cnt;
maxI = i;

h
3

System.out.print("|B_n|=" + maxCNT + " and n=" + maxI + " "

And here is our output:
|B_n|=1@ and n=181
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Here are the couples we obtain:
(1e,3) (13,3) (21,13) (34,33) (1e1,1e1) (1e,-3) (13,-9) (21,-19) (34,-33) (1€1,-1el1)

3) Here is our code to find the integer n such that [{(l,m) : | € Ny, | < 120,
m € Z, |m| <l and a = A, }| is maximised:

int maxCNT=8; // Those variables will be useful to keep track of which integer has the most corresponding couples
int maxI = @;

int cnt = @;
int i=8;

for (i=8; i<=leeeel; i++) { // iterating from @ to loeeee
cnt = 8; // counter
for (int j=8; j<128; j++) { // iterating from @ to 119

if (§*(j+1)-i »>= @) { // to make sure we don't get the sgrt of a negative number

if (Math.floor(Math.sqri(j*(j+1}-i)) == Math.sqrt(j*(j+1}-i)) { // Verifying if j*(j+1)-i is an integer
if(J*(J+1)==1) {
cnt++; // increases the counter by 1 if j=0
}
else {
cnt+=2; [/ increases the counter by 2 if j:8
h
¥

}

if (cntrmaxCNT) {
maxCNT = cnt;
maxI = i;

}
}

We get n = 866.

Here are the couples we obtain:
(29,2) (3@,8) (33,16) (34,18) (46,36) (61,54) (81,76) (98,94)

(29,-2) (3@,-8) (33,-16) (34,-18) (46,-36) (61,-54) (B1,-76) (98,-94)

We now have 3 different values of n (56,101 and 866) for which we will
graph many samples.

6.3 Define the coefficients

By randomly choosing the coefficients with N(0,1) we have obtained those
lists of coefficients:
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lambda =101

# Trig I m 1 2 3 4 5 6
5 1 sin 10 a 0.5377 1.8339 -2.2588 0.8622 0.3188 -1.3077
2 sin 13 9 -0.4336 0.3426 3.5784 2.7694 -1.34%9 3.0349
3 sin 21 19 0.7254 -0.0631 0.7147 -0.205 -0.1241 1.4897
a4 sin 34 33 1.409 14172 0.6715 -1.2075 0.7172 1.6302
5 sin 101 101 0.4889 1.0347 0.7269 -0.3024 0.2939 -0.7873
6 sin 10 -3 0.8884 -1.1471 -1.0689 -0.8095 -2.9443 1.4384
7 sin 13 -9 0.3252 -0.7549 1.3703 -L7115 -0.1022 -0.2414
8 sin 21 -15 0.3192 0.312% -0.8649 -0.0301 -0.1649 0.6277
9 sin 34 -33 1.0933 1.1093 -0.8637 0.0774 -1.2141 -1.1135
10 sin 101 -101 -0.0068 1.5326 -0.7697 0.3714 -0.2256 11174
1 cos 10 3 -1.0891 0.0326 0.5525 1.1006 1.5442 0.0859
12 cos 13 9 -1.4916 -0.7423 -1.0616 2.3505 -0.6156 0.7481
13 cos 21 19 -0.1924 0.8886 -0.7648 -1.4023 -1.4224 0.4882
14 cos 34 33 -0.1774 -0.1961 1.4193 0.2916 0.1978 1.5877
15 cos 101 101 -0.8045 0.6966 0.8351 -0.2437 0.2157 -1.1658
16 cos 10 -3 -1.148 0.1043 0.7223 2.5855 -0.6669 0.1873
17 cos 13 -9 -0.0825 -1.933 -0.439 -1.7947 0.2404 -0.888
13 cos 21 -19 0.1001 -0.5445 0.3035 -0.6003 0.49 0.7394
19 cos 34 -33 1.7119 -0.1941 -2.1384 -0.8396 1.3546 -1.0722
20 cos 101 -101 0.961 0.124 1.4367 -1.9609 -0.1977 -1.2078
lambda = 236
# Trig 1 m 2z v 3 4 5 6
1 sin 15 0.5377 1.83339 -2.2588 0.8622 0.3188 -1.3077
2 sin 16 B -0.4336 0.3426 3.5784 2.7654 -1.3499 3.0349
3 sin 19 12 07254 -0.0631 07147 -0.205 01241 14897
4 sin 28 18 1.409 14172 0.6715 -1.2075 07172 1.6302
5 sin as 24 0.4889 1.0347 0.7269 -0.3034 0.2939 -0.7873
6 sin 48 48 0.8884 -1.1471 -1.0689 -0.8095 -1.9443 14384
7 sin 79 78 03252 -0.7548 1.3703 -1.7115 -0.1022 -0.2414
8 sin 15 -2 03192 03129 -0.8649 -0.0301 -0.1649 06277
9 sin 16 -6 10933 1.1093 -0.8637 0.0774 -1.2141 -1.1135
10 sin 13 -12 -0.0068 1.5326 -0.7697 0.3714 -0.2256 11174
44 sin 28 -18 -1.0891 0.0326 0.5525 1.1006 15442 0.0859
12 sin 35 -24 -1.4916 -0.7423 -1.0616 2.3505 -0.6156 07481
13 sin 48 -46 -0.1924 0.8886 -0.7648 -1.4023 -1.4224 0.4882
14 sin 79 -78 -0.1774 -0.1961 1.4193 0.2916 0.1978 1.5877
15 cos 15 2 -0.8045 0.6966 0.8351 -0.2437 0.2157 -1.1658
16 cos 16 B -1.148 0.10439 0.7223 2.5855 -0.6669 0.1873
17 cos 19 12 -0.0825 -1933 -0.439 -1.7947 0.840a -0.888
18 cos 28 18 0.1001 -0.5445 0.3035 -0.6003 0.49 07394
19 cos a5 24 17119 -0.1941 -2.1384 -0.8396 1.3546 -1.0722
20 cos 48 46 0.961 0.124 1.4367 -1.9609 -0.1977 -1.2078
21 cos 79 78 21908 0.8252 1379 -1.0582 -0 4686 02725
22 cos 15 -2 10984 -0.2779 0.7015 -2.0518 -0.3538 -0.8236
23 cos 16 -6 -1.5771 0.508 0.282 0.0335 -1.3337 1.1275
24 cos 19 -12 0.3502 -0.2991 0.0229 0.262 -1.7502 -0.2857
25 cos 28 -18 -0.8314 -0.9792 -1.1564 -0.5336 -2.0026 0.9642
26 cos 35 -24 05201 -0.02 -0.0348 -0.7982 1.0187 -0.1332
27 cos 48 -46 -0.7145 1.3514 -0.2248 -0.589 -0.2938 -0.8479
28 cos 79 -78 -1.1201 2.526 1.6555 0.3075 -1.2571 -0.8655
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lambda = 866

# Trig ! m 1 2 3 4 5 6

1 sin 29 2 0.5377 1.8339 -2.2588 0.8622 0.3188 -1.3077
2 sin 30 B -0.4336 0.3426 35784 27694 -1.3489 30349
3 sin 33 16 0.7254 -0.0631 0.7147 -0.205 -0.1241 1.4897
4 sin 34 1B 1.409 14172 0.6715 -1.2075 0.7172 1.6302
5 sin 46 36 0.4889 1.0347 0.7269 -0.3034 0.2939 -0.7873
3 sin 61 54 0.8BB4 -1.1471 -1.0689 -0.8095 -2.5443 14384
7 sin Bl 76 0.3252 -0.7549 13703 -17115 -0.1022 -0.2414
B sin 58 94 0.3192 0.3129 -0.8649 -0.0301 -0.1649 0.6277
9 sin 29 -2 1.0933 1.1093 -0.8637 0.0774 -1.2141 -1.1135
10 sin 30 B -0.0068 1.5326 -0.7697 03714 -0.2256 11174
11 sin 33 16 -1.0891 0.0326 0.5525 1.1006 15442 0.0859
12 sin 34 18 -1.4916 -0.7423 -1.0616 2.3505 -0.6156 0.7481
13 sin 46 36 -0.1924 0.B8BS -0.7648 -14023 -1.4224 0.4882
14 sin 61 54 -0.1774 -0.1961 1.4183 0.2916 0.1978 1.5877
15 sin Bl 76 -0.8045 0.6966 0.8351 -0.2437 0.2157 -1.1658
16 sin 58 84 -1.148 0.1049 0.7223 2.5855 -0.6669 0.1873
17 cos 29 2 -0.0825 -1.933 -0.439 -1.7947 0.8404 -0.888
18 cos 30 B 0.1001 -0.5445 0.3035 -0.6003 0.49 0.7394
19 cos 33 16 17119 -0.1841 -2.1384 -0.8396 13546 -1.0722
20 cos 34 18 0.961 0.124 14367 -1.9609 -0.1977 -1.2078
21 cos 46 36 2.908 0.8252 1579 -1.0582 -0.4586 -0.2725
22 cos 61 54 1.0984 -0.2779 0.7015 -2.0518 -0.3538 -0.8236
23 cos 8l 76 -1.5771 0.508 0.282 0.0335 -1.3357 11275
24 cos 98 54 0.3502 -0.2991 0.0229 0.262 -1.7502 -0.2857
25 cos 29 2 -0.8314 -0.9792 -1.1564 -0.5336 -2.0026 0.9642
26 cos 30 B 0.5201 -0.02 -0.0348 -0.7982 1.0187 -0.1332
7 cos 33 16 -0.7145 13514 -0.2248 -0.58% -0.2938 -0.8479
28 cos 34 18 -1.1201 2526 1.6555 0.3075 -1.2571 -0.8655
29 cos 46 36 -0.1765 0.7914 -1332 -2.3299 -1.449] 0.3335
30 cos 61 54 0.3914 0.4517 -0.1303 0.1837 -0.4762 0.862
31 cos 81 76 -1.3617 0.455 -0.8487 -0.3349 0.5528 10391
32 cos 98 94 -1.1176 1.2607 0.6601 -0.0679 -0.1952 -0.2176

At this point, we face a big problem for \,,; = 101: Maple cannot graph
P (cos(z)) if m is odd, and all our corresponding couples have an odd value

of m.

The reason why Maple is not able to graph for m odd is very unknown and
we suspect that this is linked to the reason why this project has not been

completed.

Here is what we obtain when we try to graph of of the samples for A,,; = 101:
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Pplot3d( (0.5377*sin(3 1) *LegendreP( 10, 3, cos(x) ) ) + (—0.4336 *sin(93) * LegendreP(13, 9, cos(x) )) + (0.7254* sin(193) *LegendreP(21, 19, cos(x))) + (1.409*sin(33 ) *LegendreP(34, 33, cos(x))) + (0.4889*sin(101 )
*LegendreP(101, 101, cos(x) ) ) + (0.8884*sin{ —3 ) *LegendreP{10,— 3, cos(x))) + (0.3252 *sin( — 9) * LegendreP( 13,9, cos(x) )) + (03192 *sin( — 19.3) * LegendreP(21,— 19, cos(x)) ) + (1.0933 *sin( —33)

—0.1924*cos(193)

—0.0825 % cos( — %)

*LegendreP(34,— 33, cos(x) ) ) + (—0.0068*sin(— 101 y) * LegendreP(101,— 101, cos(x) ) ) + (— 1.0891 *cos(3 ) *LegendreP( 10, 3, cos(x) ) ) + (— 1.4916 *cos(93) *LegendreP(13, 9, cos(x)) ) + (
*LegendreP(21. 19, cos(x))) + (—0.1774 % cos{33 ) *LegendreP(34. 33, cos(x) )] + (—0.8045 * cos{ 101 ¥) *LegendreP( 101, 101, cos(x)) ) + — 1.148% cos( — 3 ) * LegendreP( 10, 3, cos(x) )) + (
*LegendreP(13,—9, cos(x) )] + (0.1001* cos( — 19y} * LegendreP(21.— 19, cos(x))) + (1.7119* cos( — 33 1) * LegendreP( 34.— 33, cos(x) )) + (0.961* cos(— 101 y) * LegendreP(101,— 101, cos(x)) )}

For this reason, we will only graph for A,,,; = 236 and A, ; = 866.

6.4 Graphing
Amy = 101:

plor3dl (—1.1201* cos( — 78 ) * LegendreP( 79,— 78, cos(x) ) ) + (—0.7145* cos( — 46 y) * LegendreP(48.— 46, cos(x))) + (0.5201 * cos — 24 y) * LegendreP(35,— 24, cos(x) )) + (—0.8314*cos( — 18 1) * LegendreP{28,— 18,
cos(x))) + (0.3502* cos{ — 12y) *LegendreP(19,— 12, cos(x)) ) + (— 1.5771*cos(— 63) * LegendreP({16,— 6, cos(x) ) ) + (1.0984* cos(—2) *LegendreP(15,— 2, cos(x)) ) + (2.908*cos(78 ) * LegendreP(79, 78, cos(x)))
+ (0.961%cos(46 y) *LegendreP(48, 46, cos(x))) + (1.7119*cos(24 ) ®* LegendreP(35, 24, cos(x))) + (0.1001 ®cos(18 y) ®*LegendreP(28, 18, cos(x))) + (— 0.0825*cos(12 ) *LegendreP(19, 12, cos(x))) + (—1.148
*cos(6) *LegendreP( 16, 6, cos(x))) + (—0.8045 *cos(2y) *LegendreP(15, 2, cos(x))) + (—0.1774*sin( — 78 ) * LegendreP(79,— 78, cos(x) ) ) + (—0.1924 *sin( — 46 v) * LegendreP(48,— 46, cos(x))) + (—1.4916*sin(
—24y) ®*LegendreP(35,— 24, cos(x))) + (—1.0891 *sin{ — 18 y) *LegendreP(28,— 18, cos(x))) + (—0.0068 *sin( — 12 y) * LegendreP( 19,— 12, cos(x)) ) + (1.0933 *sin( — 6 ¥) *LegendreP(16,— 6, cos{x)) ) + (0.3192*sin(
—21) *LegendreP{15,— 2, cos(x) ) ) + (0.3252*sin(78 ) *LegendreP({79, 78, cos(x)) ) + (0.8884 *sin(46 y) * LegendreP(48, 46, cos(x))) + (04889 * sin(24 1) * LegendreP(35. 24, cos(x))) + (1.409%sin(1
18, cos(x))) + (0.7254*sin( 12 y) *LegendreP( 19, 12, cos(x))) + (—0.4336 *sin(6y) * LegendreP(16. 6, cos(x)) ) + (0.5377*sin(2y) *LegendreP(15, 2, cos(x))) )
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ploi3d( (2.526* cos{ — 78 y) * LegendreP( 79,— 78, cos(x) ) ) + (1.3514* cos( — 46 ) * LegendreP(48,— 46, cos(x))) + (—0.02*cos( — 24 ) * LegendreP(35,— 24, cos(x))) + (— 0.9792% cos( — 18 ¥) *LegendreP(28,— 18, cos(x)} )
+ (—0.2991*cos(— 12 y) *LegendreP(19,— 12, cos(x) ) ) + (0.508*cos(—6y) *LegendreP(16,— 6, cos{x))) + (—0.2779*cos( — 2 ) * LegendreP{15,— 2, cos(x))) + (0.8252 *cos{ 78 y) * LegendreP( 79, 78. cos(x))) + (0.124
*cos(46 ) * LegendreP(48, 46, cos(x)) ) + (—0.1941 *cos(24 ) *LegendreP(35, 24, cos{x))) + (—0.5445*cos( 18 3) *LegendreP(28, 18, cos(x))) + (—1.933*cos(12y) * LegendreP{ 19, 12, cos(x))) + (0.1049*cas(63)
=LegendreP(16, 6, cos(x))) + (0.6966* cos(2y) *LegendreP( 15,2, cos(x))) + (—0.1961 *sin( — 78 ) *LegendreP(79,— 78, cos(x))) + (0.8886 *sin( — 46 ) *LegendreP(48,— 46, cos(x))) + (—0.7423 *sin[ — 24 y)
*LegendreP(35,— 24, cos(x))) + (0.0326*sin( — 18 ) *LegendreP(28,— 18, cos(x))) + (1.5326*sin(— 12 ) * LegendreP(19,— 12, cos(x))) + (1.1093 *sin(— 6y) * LegendreP(16,— 6, cos(x) ) ) + (0.3129 *sin( —23)
*LegendreP(15,— 2, cos(x))) + (—0.7549 *sin( 78 ) * LegendreP{ 79, 78, cos(x))) + (—1.1471 *sin(46 1) * LegendreP(48, 46, cos{x))) + (1.0347*sin(24 y) * LegendreP({35, 24, cos(x))) + (1.4172*sin( 18 1) * LegendreP(28,
18.cos(x))) + (—0.0631 *sin(12y) *LegendreP(19, 12, cos(x))) + (0.3426 *sin(6y) * LegendreP(16, 6, cos(x))) + (1.8339 *sin(2y) *LegendreP(15, 2, cos(x) ) ))

ploi3el (1.6555 * cos( — 78 1) * LegendreP{ 79,— 78, cos(x))) + (—0.2248 *cos( — 46 1) * LegendreP(48,— 46, cos(x))) + {—0.0348% cos( — 24 1) * LegendreP(35,— 24, cos(x))) + (—1.1564* cos{ — 18 y) *LegendreP(28,— 18,
cos(x))) + (0.0229* cos{ — 12y) * LegendreP(19,— 12, cos(x) )} + (0.282* cos{— 63) * LegendreP({16,— 6, cos(x)) ) + (0.7015 * cos{ —23) *LegendreP(15,— 2, cos(x)) ) + (1.379*cos(78 ) * LegendreP(79, 78, cos(x)))
+ (1.4367% cos( 46 v) * LegendreP( 48, 46, cos(x))) + (—2.1384 *cos(24 1) * LegendreP(35, 24, cos(x) )) + (0.3035%cos(18y) * LegendreP(28, 18, cos(x))) + (—0.439* cos(12v) * LegendreP(19, 12, cos(x))) + (0.7223
*cos(6) * LegendreP( 16, 6, cos(x) ) ) + (0.8351 *cos(2) * LegendreP( 15, 2, cos(x))) + (1.4193 *sin( — 78 y) *LegendreP(79,— 78, cos(x))) + (—0.7648 *sin( — 46 ) * LegendreP(48,— 46, cos(x)) ) + (— 1.0616 *sin( —24)
*LegendreP{35.— 24, cos(x))) + (0.5525*sin( — 18 y) *LegendreP(28.— 18, cos(x))) + (—0.7697 *sin( — 12 y) * LegendreP(19,— 12, cos(x) ) ) + (— 0.8637 *sin( — 6 1) * LegendreP(16.— 6. cos(x))) + [ —0.8649*sin(—2y)
*LegendreP(15,— 2, cos(x))) + (1.3703 *sin(78 ) * LegendreP( 79, 78, cos(x))) + [—1.0689 *sin(46 y) * LegendreP(48, 46, cos(x))) + (0.7269 *sin(24 y) * LegendreP(35, 24, cos(x))) + (0.6715 *sin(18 ) *LegendreP(28, 18,
cos(x))) + (0.7147 *sin(12 ) * LegendreP( 19, 12, cos(x))) + (3.5784*sin(6) *LegendreP(16, 6, cos(x) )) + (—2.2588*sin(2y) *LegendreP(15, 2, cos(x))))
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plot3d( (03075 * cos( — 78 v) * LegendreP(79,— 78, cos(x) ) ) + (—0.589* cos( — 46 y) *LegendreP(48,— 46, cos(x)) ) + (— 0.7982 *cos{ — 24 y) * LegendreP(35,— 24, cos(x)) ) + (—0.5336*cos( — 18 y) * LegendreP(28,— 18,
cos(x))) + (0.262% cos{ — 12 v) *LegendreP(19,— 12, cos(x) ) ) + (0.0333 *cos[— 6 ) * LegendreP(16,— 6, cos(x)) ) + (—2.0518%cos[— 2) *LegendreP(15,— 2, cos(x)}) + { — 1.0582* cos(78 1) * LegendreP( 79, 78, cos{x) )}
+ (—1.9609*cos(46 ¥) * LegendreP(48, 46, cos(x))) + (—0.8396* cos(24 ¥) * LegendreP(35, 24, cos(x))) + (—0.6003 *cos( 18 3) * LegendreP(28, 18, cos(x))) + (—1.7947*cos(12 y) * LegendreP( 19, 12, cos(x))) + (2.5855
%cos(6) *LegendreP{ 16, 6, cos(x) ) ) + (—0.2437®cos(2y) *LegendreP( 15, 2, cos(x))) + (0.2916sin{ — 78 y) *LegendreP(79,— 78, cos(x)) ) + (— 1.4023 *sin( — 46 ) *LegendreP{48,— 46, cos(x))) + (23505 *sin(—243)
*LegendreP(35,— 24, cos(x)) ) + (1.1006 * sin( — 18 ) *LegendreP(28,— 18, cos(x))) + (0.3714*sin( — 12 ) * LegendreP(19,— 12, cos(x)) ) + (0.0774 *sin( —61) * LegendreP( 16,— 6, cos(x))) + (— 0.0301 *sin( —23)
*LegendreP(15.—2, cos(x))) + (—1.7115*sin(78 ¥) ® LegendreP(79. 78. cos(x) ) ) + (—0.8095*sin(46 v) ®* LegendreP(48, 46, cos(x))) + (— 0.3034 ®sin(24 y) * LegendreP( 33, 24, cos{x) ) ) + (— 1.2075®sin( 18 y)
*LegendreP(28, 18, cos(x))) + (—0.205*sin(12 ) *LegendreP(19, 12, cos(x))) + (2.7694 *sin(6y) * LegendreP( 16, 6, cos(x) )) + (0.8622 *sin(2y) * LegendreP(15, 2, cos(x))))

1ox 10

5.x 10

plor3dl (— 12571 *cos( — 78 1) * LegendreP( 79— 78, cos(x)) ) + (—0.2938* cos( — 46 ) * LegendreP{48,— 46, cos(x) )) + (1.0187*cos{ — 24 ) *LegendreP(35,— 24, cos(x))) + (—2.0026*cos( — 18 ) *LegendreP(28,— 18,
cos(x))) + (—1.7502 *cos( — 12¥) *LegendreP(19,— 12, cos(x) )) + (—1.3337*cos( — 6y) * LegendreP(16,— 6, cos(x))) + (—0.3538*cos( —2y) *LegendreP(15.— 2. cos(x))) + (—0.4686* cos(78 y) * LegendreP(79, 78,
cos(x))) + (—0.1977* cos(46 y) * LegendreP(48, 46, cos(x))) + (1.3546* cos(24 1) * LegendreP(35. 24, cos(x))) + (0.49®cos( 18 ) *LegendreP({28, 18, cos(x))) + (0.8404*cos( 12 ) * LegendreP({19, 12, cos(x))) + ( —0.6669

*cos(6)) *LegendreP(16, 6, cos(x))) + (0.2157*cos(2y) *LegendreP(15, 2, cos(x))) + (0.1978*sin(— 78 ¥) * LegendreP(79,— 78, cos(x))) + ( — 1.4224 *sin( — 46 ) * LegendreP(48,— 46, cos(x) ) ) + (— 0.6156 *sin( —24 )

*LegendreP(35,— 24, cos(x))) + (1.5442*sin{— 18 ) * LegendreP(28,— 18, cos(x))) + (— 02236 % sin(— 123) *LegendreP{19,— 12, cos{x) ) ) + (— 1.2141*sin(—61) * LegendreP{16,— 6, cos(x))) + (—0.1649*sin( —2y)

*LegendreP(15,—2, cos(x))) + (—0.1022*sin( 78 y) *LegendreP(79. 78, cos(x))) + (—2.9443 *sin(46 y) * LegendreP(48, 46, cos(x))) + (0.2939 *sin(24 v) * LegendreP(35, 24, cos{x)) ) + (0.7172 *sin( 18 ) *LegendreP( 28,

18, cos(x))) + (—0.1241*sin(12 v) * LegendreP( 19, 12, cos(x)) ) + ( — 1.3499*sin(6) *LegendreP(16, 6, cos(x)) ) + (0.3188%sin(2 1) * LegendreP({15, 2, cos(x) ) ))
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plor3d( ( —0.8655* cos(— 78 v) ® LegendreP( 79,— 78, cos{x)) ) + (—0.8479 *cos( — 46 ) *LegendreP{48,— 46, cos(x))) + (—0.1332*cos(— 24 y) * LegendreP(35.,— 24, cos(x))) + (0.9642*cos( — 18 ¥) * LegendreP(28,— 18,
cos(x))) + (—0.2857*cos( — 123) *LegendreP( 19,— 12, cos(x)) ) + (1.1275 *cos( — 6 ) * LegendreP( 16,— 6, cos(x))) + (—0.8236*cos( —2y) *LegendreP(15,— 2, cos(x))) + (—0.2725 *cos{78 ¥) *LegendreP{ 79, 78,
cos(x)

)) + (—1.2078 *cos(46 ) * LegendreP(48, 46, cos(x))) + (—1.0722*cos(24 ) * LegendreP(35, 24, cos(x))) + (0.7394®cos(18 y) ®*LegendreP(28, 18, cos(x))) + (—0.888*cos(12 ) *LegendreP(19, 12, cos(x)))

+ (0.1873 *cos(6.y) * LegendreP( 16, 6, cos(x)) ) + (— 1.1658 * cos(2y) * LegendreP(15, 2, cos(x))) + (1.5877 *sin( — 78 3) * LegendreP{ 79, — 78, cos(x) ) ) + (04882 * sin( — 46 1) * LegendreP(48.— 46, cos(x)) ) + (0.7481 *sin(
—243) *LegendreP(35,— 24, cos(x) )} + (0.0859*sin( — 18 ) * LegendreP(28,— 18, cos(x))) + (1.1174*sin( — 12 y) * LegendreP(19,— 12, cos(x))) + (—1.1135*sin(— 6)) *LegendreP(16,— 6, cos(x)) ) + (0.6277 *sin(—2y)
*LegendreP(15,—2, cos{x))) + (—0.2414*sin(78

) *LegendreP({ 79, 78, cos(x) ) ) + (1.4384*sin(461) * LegendreP(48, 46, cos(x))) + (—0.7873 *sin(24 ) *LegendreP{35, 24, cos(x))) + (l,ﬁiﬁlfsin(lSy)‘LegdeEP(IS,
18, cas(x))) + (14897%sin(123) *LegendreP(19, 12, cos(x)) ) + (3.0349*sin(6y) *LegendreP( 16, 6. cos{x))) + (—13077*sin(23) *LegendreP(15, 2, cos(x))))

Am. = 866:

plot3d((—1.1176* cos( — 94 ) * LegendreP(98,— 94, cos(x) ) ) + (—1.3617* cos(— 76 3) *LegendreP(81,— 76, cos(x))) + (03914 * cos( — 54 ) * LegendreP(61,— 54, cos(x))) + [—0.1765* cos( — 36 y) * LegendreP(46,— 36,
cos(x))) + (—1.1201 *cos( — 18 1) *LegendreP(34,— 18, cos(x)) ) + (— 0.7145 * cos{ — 163)) *LegendreP(33,— 16, cos(x))) + (0.5201 * cos( — 8 1) *LegendreP{30,— 8, cos{x)) ) + (— 0.8314 % cos( — 21) * LegendreP(29,— 2,
cos(x))) + (0.3502*cos(94 ) * LegendreP(98, 94, cos(x))) + (—1.5771 *cos(76 ¥) * LegendreP(81, 76, cos(x))) + (1.0984*cos(54y) * LegendreP(61, 54, cos(x)) ) + (2.908*cos(361) * LegendreP(46, 36, cos(x))) + (0.961
®cos(18y) *LegendreP(34, 18, cos(x))) + (1.7119 *cos( 16 ¥) *LegendreP(33, 16, cos(x)) ) + (0.1001 *cos(8 ) *LegendreP(30. 8, cos(x))) + (—0.0825 *cos(2y) * LegendreP(29. 2, cos(x))) + (— 1.148%sin(— 94 )
*LegendreP(98,— 94, cos(x) ) ) + (— 0.8045 *sin(— 76.y) * LegendreP(81,— 76, cos(x)) ) + (—0.1774 *sin(— 54 ) * LegendreP(61,— 54, cos{x) ) ) + (— 0.1924 * sin( — 36 v) * LegendreP( 46, — 36, cos(x) ) ) + (— 14916 *sin(
—18y) ®*LegendreP({34,— 18, cos(x))) + (—1.0891 *sin( — 16 y) * LegendreP(33.— 16, cos{x))) + (— 0.0068 *sin{ — 8 ¥) *LegendreP(30,— 8, cos(x))) + (1.0933 *sin( —2y) * LegendreP(29,— 2, cos(x))) + (0.3192*sin(94 y)
*LegendreP(98, 94, cos(x))) + (03252 *sin(76) * LegendreP{81, 76, cos{x)) ) + (0.8884 *sin(54 y) * LegendreP({61, 54, cos{x))) + (04889 *sin(36) * LegendreP(46, 36, cos(x) )} + (1.409*sin(18 ) *LegendreP({34, 18,

cos(x))) + (0.7254%sin(16 ¥) *LegendreP(33, 16, cos(x))) + (— 0.4336 *sin(8y) *LegendreP(30, 8, cos{x))) + (0.5377*sin(2y) * LegendreP(29, 2, cos(x))))
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ploi3d( (12607 cos( — 94 y) *LegendreP(98.— 94, cos(x))) + (0.455% cos(— 76 y) * LegendreP(81,— 76, cos{x) ) ) + (0.4517*cos( — 54) * LegendreP(61,— 54, cos(x)) ) + (0.7914* cos{ — 36 ) * LegendreP(46.— 36. cos(x)))
+ (2.526* cos( — 18) *LegendreP(34,— 18, cos(x))) + (13514 *cos(— 16 ) * LegendreP(33,— 16, cos(x)) ) + (—0.02* cos( — 8 ) * LegendreP(30,— 8, cos(x) ) ) + (—0.9792*cos( —2y) * LegendreP(29,— 2, cos(x))) + (
—0.2991 *cos(94 ¥) * LegendreP( 98, 94, cos(x))) + (0.508*cos(76 ) * LegendreP(81, 76, cos(x))) + (—0.2779*cos(54 ) *LegendreP(61, 54, cos(x))) + (0.8252 ®cos(36 ) * LegendreP(46, 36, cos(x) ) ) + (0.124%cos(18y)
*LegendreP(34, 18, cos(x))) + (—0.1941 * cos{16 1) * LegendreP(33, 16, cos(x)) ) + —0.5445% cos{8 ) * LegendreP(30, 8, cos(x))) + (— 1.933*cos(2}) *LegendreP({29, 2, cos(x))) + (0.1049 *sin( — 94 y) * LegendreP(98,
—94, cos(x))) + (0.6966*sin( — 76 ¥) * LegendreP(81,— 76, cos(x) ) ) + (—0.1961 *sin( — 54 y) *LegendreP(61,— 54, cos(x) ) ) + (0.8886 *sin( — 36 ) * LegendreP(46,— 36, cos(x) ) ) + (—0.7423 *sin( — 18 ) * LegendreP(34,
—18. cos(x))) + (0.0326 *sin( — 16 ¥) *LegendreP(33,— 16, cos{x) ) ) + (1.5326 *sin(— 8 ) * LegendreP(30.— 8, cos(x)) ) + (1.1093 *sin( — 2 y) ® LegendreP(29.— 2. cos(x))) + (0.3129*sin(94 y) *LegendreP(98, 94, cos(x)))

X,
+ (—0.7549 *sin( 76 ¥) *LegendreP(81, 76, cos(x]) ) + (— 1.1471*sin(54) *LegendreP(61, 54, cos(x)) ) + [1.0347 *sin(36) * LegendreP(46, 36, cos(x) )) + (14172 *sin(18y) *LegendreP(34, 18, cos(x))) + (— 0.0631
*sin(16y) * LegendreP(33, 16, cos(x))) -+ (0.3426* sin(8v) * LegendreP(30, 8, cos(x))) + (1.8339*sin(2y) * LegendreP(29, 2, cos(x)) )}

piot3cl (0.6601 * cos{ — 94 ¥) * LegendreP(98,— 94, cos(x))) + (—0.8487*cos(— 76 ¥) * LegendreP(81,— 76, cos(x))) + (— 0.1303 ®cos( — 54 3) * LegendreP(61.— 54, cos(x) ) ) + (—1.332%cos( — 36 1) * LegendreP(46,— 36,
cos(x))) + (1.6555 % cos{ — 18 1) * LegendreP(34,— 18, cos(x) ) ) + (—0.2248* cos( — 16y) *LegendreP(33,— 16, cos(x)) ) + (— 0.0348 *cos( — 8 1) * LegendreP{30,— 8. cos{x))) + (—1.1564* cos( — 2) *LegendreP(29,— 2,
cos(x))) + (0.0229*cos(94 ) * LegendreP(98, 94, cos(x))) + (0.282*cos(76¥) *LegendreP(81, 76, cos(x) ) ) + (0.7015*cos(54 ¥) *LegendreP{61, 54, cos(x) )] + (1.379*cos(36 ) * LegendreP(46, 36, cos(x))) + (1.4367
2 cos(18 ) *LegendreP(34, 18, cos(x))) + (—2.1384%cos{16y) *LegendreP(33, 16, cos(x))) + (0.3035 % cos(8 ) *LegendreP(30, 8, cos(x))) + (—0.439% cos(2y) *LegendreP(29, 2, cos(x))) + (0.7223 *sin( — 94 3)
*LegendreP(98,— 94, cos(x))) + (0.8351 *sin( — 76 ¥) * LegendreP(81,— 76, cos(x))) + (1.4193 *sin( — 54 ) * LegendreP(61,— 54, cos(x))) + (—0.7648 *sin( — 36 ) * LegendreP({46,— 36, cos(x))) + (—1.0616*sin(— 18 )
*LegendreP(34,— 18, cos(x))) + (0.5525 *sin( — 16 ) ® LegendreP(33,— 16, cos(x))) + (— 0.7697 *sin( — 8 y) *LegendreP{30.— 8. cos(x))) + ( —0.8637*sin( — 2y) *LegendreP(29,— 2, cos(x)) ) + (—0.8649 ®sin(94 y)
*LegendreP{98, 94, cos{x)) ) + (1.3703 *sin(76 1) * LegendreP(81, 76, cos(x))) + (— 1.0689 *sin(54 ) * LegendreP(61, 54, cos(x)) ) + (0.7269*sin(36 y) * LegendreP{46, 36. cos(x) )} + (0.6715*sin(18 ) *LegendreP(34, 18
cos(x))) + (0.7147*sin(16 y) * LegendreP(33, 16, cos(x))) + (3.5784*sin(8 ) * LegendreP(30, 8, cos(x))) + (—2.2588*sin(2y) * LegendreP(29, 2, cos(x))))
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plot3d( (—0.0679 * cos( — 94 ) * LegendreP(98,— 94, cos(x) ) ) + (—0.3349* cos( — 76 ) * LegendreP(81,— 76, cos(x) ) ) + (0.1837*cos( — 54 y) * LegendreP(61,— 54, cos(x) ) ) + (—2.3299*cos( —363) * LegendreP(46,— 36,
cos{x))) + [0.3075*cos( — 18 1) * LegendreP{34,— 18, cos(x))) + (—0.389%cos( — 161) * LegendreP{33,— 16, cos(x))) + (—0.7982*cos( — 8 1) * LegendreP{30,— 8, cos{x)) ) + [ — 0.5336 % cos( — 21) * LegendreP(29,— 2,
cos(x))) + (0.262*cos(94 ) * LegendreP(98, 94, cos(x))) + (0.0335*cos( 76 ¥) *LegendreP(81, 76, cos(x))) + (—2.0518 *cos(54 ) *LegendreP(61, 54, cos(x)) ) + (—1.0582*cos(36) *LegendreP(46, 36, cos(x)) ) + (
—1.9609* cos( 18 v) * LegendreP(34, 18, cos(x))) + (—0.8396* cos(16y) *LegendreP(33, 16, cos(x))) + (—0.6003 ®*cos(8y) *LegendreP(30, 8, cos(x))) + (— 1.7947*cos(2 ) *LegendreP(29, 2, cos(x))) + (2.5855 % sin(
—94) *LegendreP(98,— 94, cos(x))) + (— 02437 *sin( —76) * LegendreP(81,— 76, cos(x))) + (0.2916 *sin( — 54 ) * LegendreP(61,— 54, cos(x))) + (— 14023 *sin( —36 ) * LegendreP{46,— 36, cos(x))) + (2.3505 *sin(
— 18 ) ®*LegendreP(34,— 18, cos(x))) + (1.1006 *sin( — 16 )) * LegendreP(33,— 16, cos(x)) ) + (0.3714*sin( —8y) ® LegendreP(30,— 8, cos(x))) + (0.0774®sin( —2y) *LegendreP{29,— 2, cos(x))) + (—0.0301 *sin(94 y)
*LegendreP(98, 94, cos(x))) + (—1.7115*sin(76 y) * LegendreP(81, 76, cos(x))) + (—0.8095 *sin(54 ) * LegendreP{61, 54, cos(x))) + (— 0.3034*sin(361) * LegendreP(46, 36, cos(x))) + (—1.2075*sin(18 )
*LegendreP(34, 18, cos(x))) + (—0.205*sin(16 ) *LegendreP(33, 16, cos(x))) + (2.7694 *sin(8 ) *LegendreP(30, 8. cos(x))) + (0.8622*sin(2y) * LegendreP(29, 2, cos(x))))

15x10'™
Lx 107"

5.% 10"

i
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5528 *cos( — 76 ) * LegendreP(81.— 76, cos(x)) ) + (—0.4762*cos( — 54 ) *LegendreP(61,— 54, cos(x))) + (— 1.4491 *cos( — 36 ¥) * LegendreP(46,— 36,
(

plot3d((—0.1952* cos( — 94 ) * LegendreP(98.— 94, cos(x) ) ) + (0. X
cos{x))) + (—1.2571 *cos( — 18 ) *LegendreP(34,— 18, cos(x)) ) + (—0.2938 * cos( — 16 1) * LegendreP(33,— 16, cos(x)) ) + (1.0187*cos( —8 y) * LegendreP(30,— 8, cos(x))) + (—2.0026*cos( —2)) * LegendreP(29,—2,
cos(x))) + (—1.7502*cos( 94 ) *LegendreP( 98, 94, cos(x))) + (— 1.3337*cos( 76 v) *LegendreP(81, 76, cos(x))) + (—0.3538 *cos(54y) *LegendreP(61. 54. cos(x))) + (—0.4686* cos(36 ) * LegendreP(46, 36, cos(x)))
+ (—0.1977*cos(18 ) *LegendreP{34, 18, cos(x))) + (1.3546*cos(16) * LegendreP(33. 16, cos(x))) + (0.49*cos(81) * LegendreP(30, 8, cos(x))) + (0.8404*cos(2 ) *LegendreP(29, 2, cos(x))) + (—0.6669 *sin( — 94 y)
*LegendreP(98.— 94, cos(x)) ) + (02157 *sin(— 76 y) * LegendreP(81,— 76, cos(x))) + (0.1978 *sin{ — 54 y) *LegendreP(61,— 54, cos(x))) + (— 1.4224 *sin( — 36 ¥) * LegendreP(46,— 36, cos(x)) ) + (—0.6156 *sin( — 18 )
*LegendreP(34,— 18, cos(x) ) ) + (1.5442 *sin(— 161) * LegendreP{33,— 16, cos{x) ) ) + (— 02256 *sin{ — 8 ) *LegendreP(30,—§, cos(x) )) + (—1.2141 *sin{— 2 ) *LegendreP(29.— 2, cos(x))) + (—0.1649 *sin(94 )
*LegendreP(98, 94, cos(x))) + (—0.1022*sin(76 3) *LegendreP(81, 76, cos(x))) + (—2.9443 *sin(54 y) *LegendreP(61, 54, cos(x)) ) + (0.2939 *sin(36 1) * LegendreP(46, 36, cos(x))) + (0.7172*sin( 18 ) * LegendreP(34,
18, cos(x))) + (—0.1241 *sin( 16 v) *LegendreP(33, 16, cos(x)]) + (— 1.3499 *sin(8 ) * LegendreP(30, 8, cos(¥))) + (0.3188*sin(2v) * LegendreP(29, 2. cos(x))))

g

\ \
|
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plot3d( (— 02176 * cos( — 94 3) * LegendreP(98,— 94, cos(x)) ) + (1.0391 *cos( — 76 ) * LegendreP(81,— 76, cos(x) ) ) + (0.862* cos( — 54 ) *LegendreP(61,— 54, cos(x) ) ) + (0.3335*cos( — 36 ) * LegendreP(46,— 36, cos(x)))
+ (—0.8655®%cos{ — 18 y) *LegendreP(34,— 18, cos(x))) + (—0.8479 *cos( — 16 y) *LegendreP(33,— 16, cos(x))) + (—0.1332*cos( — 8 y) *LegendreP(30,— 8, cos(x)) ) + (0.9642*cos( —2v) *LegendreP{29.— 2, cos{x) ) )
+ (—02857*cos(94 y) *LegendreP(98, 94, cos(x))) + (1.1275*cos( 76 ¥) * LegendreP(81, 76, cos(x)) ) + (—0.8236*cos(54 ) * LegendreP(61, 54, cos(x))) + (—0.2725 * cos(36 ) * LegendreP(46, 36, cos(x))) + (—1.2078
®cos(18)) *LegendreP(34. 18, cos(x))) + (—1.0722 *cos{ 16 ¥) *LegendreP(33, 16, cos(x))) + (0.7394* cos(8 ) ®*LegendreP(30, 8, cos(x))) + (— 0.888*cos(2y) *LegendreP(29, 2, cos(x))) + (0.1873 *sin( — 94 )
*LegendreP{98,— 94, cos(x))) + (— 1.1658 *sin(— 76) * LegendreP(81,— 76. cos(x))) + (1.5877*sin( — 54 ) * LegendreP(61,— 54, cos(x) ) ) + (0 4882 *sin{ — 36 ) * LegendreP(46,— 36, cos(x)) ) + (0.7481*sin(—183)
*LegendreP{34,— 18, cos(x)) ) + (0.0859*sin(— 16 ¥) * LegendreP(33,— 16, cos(x))) + (1.1174*sin( —8y) *LegendreP(30,— 8, cos(x))) + (— 1.1135*sin( — 23) *LegendreP(29,— 2, cos(x))) + (0.6277 *sin(94 )
*LegendreP{98, 94, cos(x))) + (—0.2414*sin(76 ) *LegendreP(81, 76. cos(x) ) ) + (14384 *sin(54 ) * LegendreP(61, 54, cos(x))) + (—0.7873 *sin(36 1) * LegendreP( 46, 36, cos(x))) + (1.6302 *sin(18 ) * LegendreP(34,
18, cos(x))) + (1.4897*sin(16¥) * LegendreP(33, 16, cos(x) ) ) + (3.0349*sin(8 ) * LegendreP(30, 8, cos(x))) + (—1.3077 *sin(2y) *LegendreP(29, 2, cos(x))))

2.x 10"

Lo 10

—1Lx10
—2.x10"7"
—3.x 10"

-4.x 10"

Those graphs are unfortunately not what we were expecting. They were sup-
posed to be very messy, but they are actually not.

We will not get their zero-set graphs, since they will not be what we are
looking for.

We have yet to figure out what the problem is with Maple and the com-
putations.
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7 Conclusion

d? 2
W_l_x'

we had

We have found and graphed many eigenfunctions of H = —%
for different values of k. Also, for all these eigenfunctions V (x)
V(-1)=V(1)=0.

We measured the accuracy of each of these functions and observed that they
were all very accurate.

With those functions, using a fact established at the beginning of this doc-
ument, we can very easily produce and graph eigenfunctions for the Grushin

H? 2 92
operator 722 +x 7

Even though we almost finished the second part of the project, we unfor-
tunately realised that the graphs we obtained with Maple were not what we
expected. For this reason, we didn't try to get the zero sets, since they would
not be interesting to observe.

However, it would be interesting to figure out what caused these problems and
solve them to finally obtain what we wanted.

Despite this unfortunate situation, we have still coded a program that out-

puted us many couples (I, m) to be graphed as linear combinations of Legendre
functions.
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